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Thank you for joining our live webinar today.
We will begin shortly.  Please standby.

Thank you.

Need Help? 
Call ReadyTalk Support: 800.843.9166

Classical Methods of Structural Analysis
Louis F. Geschwindner

Smarter. Stronger. Steel.

Today’s audio will be broadcast through the internet.

Alternatively, to hear the audio through the phone, dial 
866-519-2796. Passcode: 158650
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Today’s audio will be broadcast through the internet. 

Alternatively, to hear the audio through the phone, dial 
866-519-2796. Passcode: 158650

Today’s live webinar will begin shortly.  
Please standby.

As a reminder, all lines have been muted.  Please type any 
questions or comments through the Chat feature on the 
left portion of your screen.

Smarter. Stronger. Steel.

AIA Credit

AISC is a Registered Provider with The American Institute of Architects Continuing 
Education Systems (AIA/CES).  Credit(s) earned on completion of this program will be 
reported to AIA/CES for AIA members.  Certificates of Completion for both AIA 
members and non-AIA members are available upon request.

This program is registered with AIA/CES for continuing professional education.  As such, 
it does not include content that may be deemed or construed to be an approval or 
endorsement by the AIA of any material of construction or any method or manner of 
handling, using, distributing, or dealing in any material or product.  

Questions related to specific materials, methods, and services will be addressed at the 
conclusion of this presentation.
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Smarter. Stronger. Steel.

Session Description
20.3 Deflections by Virtual Work
June 24, 2019

This lesson will address calculating deflections by virtual work. The process for 
applying the principle of virtual work will be developed. Calculating deflections 
due to axial forces, shear and flexure will be covered as well as the relationship 
between flexural and shear deflections. The influence of temperature change on 
the structure will be introduced. Approaches for writing moment equations will 
be also reviewed.
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Learning Objectives:

• Develop the process for applying the principle of virtual work.
• Investigate deflections due to axial and shear forces, as well as 

due to flexure.
• Formulate the different approaches for writing moment 

equations.
• Explain the relationship between flexural and shear deflections 

in steel W-shapes for uniform load.

Smarter. Stronger. Steel.

Headshot
Photo
Here

Session 3:  Deflections by Virtual Work
June 24, 2019

Night School 20
Classical Methods of Structural 
Analysis

Louis F. Geschwindner, PE, PhD
Professor Emeritus, Penn State University,
Former Vice President, AISC, and
Senior Consultant, Providence Engineering 
State College, Pennsylvania
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Classical Methods of Structural Analysis:
How we did it before computers

Night School 20
Lesson 3
Deflections by Virtual Work

9

Smarter. Stronger. Steel.

Lesson 3 
Deflections by Virtual Work

• Develop the process for applying the principle of 
virtual work.

• Investigate deflections due to axial forces.
• Consider the influence of temperature change.
• Investigate deflections and rotations due to flexure.
• Highlight approaches for writing moment equations.
• Investigate deflections due to shear.
• Study the relationship between flexural and shear 

deflections in steel W-shapes for uniform load.
• Consider the influence of combined axial and flexural 

stresses.

10
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Deflections for Other Loads

11

The previous lesson illustrated situations where the 
deflection was desired at a point other than directly 
under the single load on the structure.

15 ft

w = 4 kips/ft

Δ

15 ft 15 ft 7.5 ft

P = 20 kips
Δ

7.5 ft

Smarter. Stronger. Steel.

Virtual Work

• Principle of Virtual Work: If a deformable 
structure, in equilibrium and sustaining a 
given load or system of loads, is subjected to a 
virtual deformation as the result of some 
additional action, the external virtual work of 
the given load or system of loads is equal to 
the internal virtual work of the stresses caused 
by the given load or system of loads.

12
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Virtual Work

13

EvΔ

A

B C

D
E

8 kips 8 kips

8 kips 8 kips

Using the given truss as the basis, 
develop the method of virtual work for 
calculating the deflection of the lower 
node, E, due to the given loading.

Since the truss is determinate and is in 
equilibrium, the forces in the members 
can be determined.

Member Force , S, 
(kips)

AB -10.0

BC -6.0

CD -10.0

AE +6.0

ED +6.0

BE 0

CE 0

15 ft 15 ft 15 ft 15 ft

20
 ft

Smarter. Stronger. Steel.

Virtual Work

14

A

B C

D
E

1. To the unloaded structure, apply a 
unit load at the point and in the 
direction of the desired deflection. 
This is an imaginary or fictitious force 
called a “virtual” force. (The structure will 
displace under this virtual load but we are not 
interested in this displacement.)

2. The structure is in equilibrium under 
this virtual force so it constitutes the 
“given load or system of loads” in our 
statement of the principle of virtual 
work.

3. The member forces, u, can be 
determined for this virtual loading. 

1 kip (fictitious)
0.5 kips 0.5 kips

The Process:

This is the VIRTUAL system.
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Virtual Work

15

EvΔ

A

B C

D
E

8 kips 8 kips

8 kips 8 kips

4. Apply the real loads to the structure 
with the virtual load in place. 

5. Under the action of the real loads, 
the structure will deflect.

6. The virtual load will move through 
that deflection, ΔEv ,  and do work:

7. The member forces due to the real 
load system, S, can be determined 
from equilibrium. See earlier slide 13  
for results of that analysis.

1 kip (fictitious)

1 kip

EvΔ

( )( )1e EvW = Δ

The Process:

Smarter. Stronger. Steel.

Virtual Work

16

EvΔ

A

B C

D
E

8 kips 8 kips

8 kips 8 kips

8. The change in length of the members  
due to those forces can be calculated.

9. The internal virtual work, virtual 
strain energy, can be determined 
since the internal virtual forces, ui, 
move through the change in length of 
the members, ΔLi.1 kip (fictitious)

iu

LΔ

i i i

i i i

i

w u L
u S L
A E

= Δ

=

i i
i

i

S LL
A E

Δ =

The Process:
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Virtual Work

17

EvΔ

A

B C

D
E

8 kips 8 kips

8 kips 8 kips
1 kip (fictitious)

Member Length, L, 
(ft)

Force , S, 
(kips)

Force, u, 
(kips)

AB 25.0 -10.0 -0.625

BC 30.0 -6.0 -0.75

CD 25.0 -10.0 -0.625

AE 30.0 +6.0 +0.375

ED 30.0 +6.0 +0.375

BE 25.0 0 +0.625

CE 25.0 0 +0.625

10. The total internal virtual work is

11. From the principle of virtual work
i

uSLW
AE

=

1 Ev
uSL
AE

Δ =

The Process:

Smarter. Stronger. Steel.

• Compare strain energy with internal virtual 
work.
– Axial

Virtual Work

2

2i
S LW
AE

= i
uSLW
AE

=

Strain Energy Virtual Work

u

SL
AE

S

SL
AE

18
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Virtual Work-Axial

19

EvΔ

A

B C

DE

8 kips 8 kips

8 kips 8 kips
1 kip (fictitious)

Member Length, 
L, (ft)

Force , S, 
(kips)

Force, 
u, (kips)

Area, A, 
(in.2)

AB 25.0 -10.0 -0.625 0.5 312.5

BC 30.0 -6.0 -0.75 0.5 270

CD 25.0 -10.0 -0.625 0.5 312.5

AE 30.0 +6.0 +0.375 0.5 135

ED 30.0 +6.0 +0.375 0.5 135

BE 25.0 0 +0.625 0.5 0

CE 25.0 0 +0.625 0.5 0

1165

uSL
A



( )11651(kip) 0.0402 kip-ft
29,000Ev

uSL
AE

Δ = = =
( )0.0402 ft 12 in./ft 0.482 in.EvΔ = =

Determine ΔEv

The member areas used in these and 
subsequent examples are for illustration 
purposes only. An actual steel truss would 
have much larger members with varying 
areas for tension and compression.

Smarter. Stronger. Steel.

Virtual Work-Axial

20

Member Length, 
L, (ft)

Force , S, 
(kips)

Force, 
u, (kips)

Area, A, 
(in.2)

AB 25.0 -10.0 -0.417 0.5 208.5

BC 30.0 -6.0 +0.50 0.5 -180

CD 25.0 -10.0 +0.417 0.5 -208.5

AE 30.0 +6.0 -0.75 0.5 -270

ED 30.0 +6.0 -0.25 0.5 -90

BE 25.0 0 +0.417 0.5 0

CE 25.0 0 -0.417 0.5 0

-540

uSL
A



( )5401(kip) 0.0186 kip-ft
29,000Bh

uSL
AE

−Δ = = = −
( )0.0186 ft 12 in./ft 0.223 in.BhΔ = − = −

A

B C

DE

1 kip

0.333 kip0.333 kip

1 kip

Since ΔBh is negative, the 
horizontal deflection at node 
B is opposite to what we had 
assumed, thus, to the right.

Determine, ΔBh
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Virtual Work-Axial

21

A

B C

DE

0.5 kips 0.5 kips1 kip

Member Length, 
L, (ft)

Force , S, 
(kips)

Force, 
u, (kips)

Area, A, 
(in.2)

AB 25.0 -10.0 -0.625 0.5 312.5

BC 30.0 -6.0 -0.75 0.5 270

CD 25.0 -10.0 -0.625 0.5 312.5

AE 30.0 +6.0 +0.375 0.5 135

ED 30.0 +6.0 +0.375 0.5 135

BE 25.0 0 +0.625 0.5 0

CE 25.0 0 +0.625 0.5 0

1165

uSL
A



Questions to consider.

1. If we double the area of all 
members, what happens to the 
vertical deflection at E?

2. What happens to the vertical 
deflection at E if we just increase 
the area of members BE and CE?

3. How much does member BC 
contribute to the total vertical 
deflection at E?

EvΔ

Smarter. Stronger. Steel.

Virtual Work-Axial

22

Member Length, 
L, (ft)

Force , S, 
(kips)

Force, 
u, (kips)

Area, A, 
(in.2)

AB 25.0 -10.0 -0.417 0.5 208.5

BC 30.0 -6.0 +0.50 0.5 -180

CD 25.0 -10.0 +0.417 0.5 -208.5

AE 30.0 +6.0 -0.75 0.5 -270

ED 30.0 +6.0 -0.25 0.5 -90

BE 25.0 0 +0.417 0.5 0

CE 25.0 0 -0.417 0.5 0

-540

A

B C

DE

1 kip

0.333 kip0.333 kip

1 kip

Questions to consider.

1. What happens to the horizontal 
deflection at B if we increase the 
area of member AB?

2. To maintain symmetry, any 
change in area of members AB 
and CD will be the same. What 
impact will an increase in area 
have on the horizontal deflection 
at B.

uSL
A

 BhΔ
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Polling Question

23

Smarter. Stronger. Steel.

Polling Question

24
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Virtual Work-Axial

• Temperature change 
– Use the method of virtual work to determine the 

impact of a temperature change on the deflection 
of the truss.

– Assume that both bottom chord members see an 
increase in temperature of 70°F.

– Determine the vertical deflection at point E.
– The coefficient of thermal expansion for steel is:

25

o0.0000065 in./in./ Fα =

Smarter. Stronger. Steel.

Virtual Work-Axial

• Temperature change 
– The virtual load is applied just as it was to 

calculate deflection due to a real loading system.
– The temperature change results in an elongation 

or shortening of the member length, ΔL, 
analogous to SL/AE.

26

( ) ( )( )0.0000065 70 30 12 0.164 in.LΔ = =

For a member 30 ft in length with a 70 °F temperature change.
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Virtual Work-Axial

27

A

B C

DE

0.5 kips 0.5 kips1 kip

Member Length, 
L, (ft)

Force, 
u, (kips)

ΔL, 
(in.)

AB 25.0 -0.625 0.0 0

BC 30.0 -0.75 0.0 0

CD 25.0 -0.625 0.0 0

AE 30.0 +0.375 0.164 0.0615

ED 30.0 +0.375 0.164 0.0615

BE 25.0 +0.625 0.0 0

CE 25.0 +0.625 0.0 0

0.123

u LΔ



A 70 °F increase in the 
temperature of the bottom 
chord results in a 
downward deflection of

1(kip) 0.123 kip-in.
0.123 in.

Ev

Ev

Δ =
Δ =

Temperature change

Note that member area does not influence 
deflection due to  temperature change.

Smarter. Stronger. Steel.

Virtual Work-Axial

28

A

B C

DE

0.5 kips 0.5 kips1 kip

Member Length, 
L, (ft)

Force, 
u, (kips)

ΔL, 
(in.)

AB 25.0 -0.625 -0.1365 0.085

BC 30.0 -0.75 -0.164 0.123

CD 25.0 -0.625 -0.1365 0.085

AE 30.0 +0.375 0 0

ED 30.0 +0.375 0 0

BE 25.0 +0.625 -0.1365 -0.085

CE 25.0 +0.625 -0.1365 -0.085

0.123

A 70°F decrease in the 
temperature of all but the 
bottom chord results in a 
downward deflection of

1(kip) 0.123 kip-in.
0.123 in.

Ev

Ev

Δ =
Δ =

Temperature change

Note that these two 
approaches yield the same 
deflection.

u LΔ
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Virtual Work-
Axial

29

A

B
C D E

F

G1 432 5

100k 100k

2k 2k 2k 2k 2k

30k 40k 50k 40k 30k

36 ft

6 at 27 ft = 162 ft

Member Length, L,
(ft)

Area, A,
(in.2)

Force, S,
(kips)

AB 45 6.0 -125

BC 27 4.0 -126

CD 27 5.0 -145.5

DE 27 5.0 -145.5

EF 27 4.0 -126

FG 45 6.0 -125

A1 27 3.0 +75

12 27 3.0 +75

23 27 5.0 +126

34 27 5.0 +126

45 27 3.0 +75

5G 27 3.0 +75

B1 36 2.0 +30

C2 36 2.0 -28

D3 36 2.0 -2

E4 36 2.0 -28

F5 36 2.0 +30

B2 45 5.0 +85

C3 45 5.0 +32.5

E3 45 5.0 +32.5

F4 45 5.0 +85

Consider the long span steel truss under the 
given load.

Again, the member areas used in this and 
subsequent examples are for illustration 
purposes only. They may not be sufficient 
to carry the imposed load.

Smarter. Stronger. Steel.

Virtual Work-
Axial

30

A

B
C D E

F

G1 432 5

0.5k 0.5k1k

36 ft

6 at 27 ft = 162 ft

Member Length, 
L,
(ft)

Area, 
A,

(in.2)

Force, 
S,

(kips)

Force, u,
(kips)

AB 45 6.0 -125 -0.625

BC 27 4.0 -126 -0.750

CD 27 5.0 -145.5 -1.125

DE 27 5.0 -145.5 -1.125

EF 27 4.0 -126 -0.750

FG 45 6.0 -125 -0.625

A1 27 3.0 +75 +0.375

12 27 3.0 +75 +0.375

23 27 5.0 +126 +0.750

34 27 5.0 +126 +0.750

45 27 3.0 +75 +0.375

5G 27 3.0 +75 +0.375

B1 36 2.0 +30 0

C2 36 2.0 -28 -0.500

D3 36 2.0 -2 0

E4 36 2.0 -28 -0.500

F5 36 2.0 +30 0

B2 45 5.0 +85 +0.625

C3 45 5.0 +32.5 +0.625

E3 45 5.0 +32.5 +0.625

F4 45 5.0 +85 +0.625

Determine the vertical deflection at node 3 and 
the rotation of member 2-3.

For the deflection of node 3.
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Member Length, 
L,
(ft)

Area, 
A,

(in.2)

Force, 
S,

(kips)

Force, u,
(kips)

AB 45 6.0 -125 -0.625 586

BC 27 4.0 -126 -0.750 638

CD 27 5.0 -145.5 -1.125 884

DE 27 5.0 -145.5 -1.125 884

EF 27 4.0 -126 -0.750 638

FG 45 6.0 -125 -0.625 586

A1 27 3.0 +75 +0.375 253

12 27 3.0 +75 +0.375 253

23 27 5.0 +126 +0.750 510

34 27 5.0 +126 +0.750 510

45 27 3.0 +75 +0.375 253

5G 27 3.0 +75 +0.375 253

B1 36 2.0 +30 0 0

C2 36 2.0 -28 -0.500 252

D3 36 2.0 -2 0 0

E4 36 2.0 -28 -0.500 252

F5 36 2.0 +30 0 0

B2 45 5.0 +85 +0.625 478

C3 45 5.0 +32.5 +0.625 183

E3 45 5.0 +32.5 +0.625 183

F4 45 5.0 +85 +0.625 478

uSL
A

2 28,074 kip -ft/in.uSL
A

=

3

2 2

(1 kip)

8,074 kip -ft/in.
29,000 ksi

0.278 kip-ft.

v
uSL
AE

Δ =

=

=



3 0.278(12) 3.34 in.vΔ = =

Virtual Work-
Axial

A

B
C D E

F

G1 432 5

0.5k 0.5k1k

Smarter. Stronger. Steel. 32

Member Length, 
L,
(ft)

Area, 
A,

(in.2)

Force, 
S,

(kips)

Force, u,
(kips)

AB 45 6.0 -125 +0.00771 -7.23

BC 27 4.0 -126 +0.00926 -7.88

CD 27 5.0 -145.5 -0.0139 10.92

DE 27 5.0 -145.5 -0.0139 10.92

EF 27 4.0 -126 -0.00926 7.88

FG 45 6.0 -125 -0.00771 7.23

A1 27 3.0 +75 -0.00463 -3.13

12 27 3.0 +75 -0.00463 -3.13

23 27 5.0 +126 -0.00926 -6.30

34 27 5.0 +126 +0.00926 6.30

45 27 3.0 +75 +0.00463 3.13

5G 27 3.0 +75 +0.00463 3.13

B1 36 2.0 +30 0 0.00

C2 36 2.0 -28 -0.0308 15.52

D3 36 2.0 -2 0 0.00

E4 36 2.0 -28 -0.00617 3.11

F5 36 2.0 +30 0 0.00

B2 45 5.0 +85 -0.00771 -5.90

C3 45 5.0 +32.5 +0.0385 11.26

E3 45 5.0 +32.5 +0.00771 2.26

F4 45 5.0 +85 +0.00771 5.90

uSL
A

2 254.0 kip -ft/in.uSL
A

=

23

2 2

3

(1 ft-kip)

54.0 kip -ft/in.
29,000 ksi

1.86 10  kip-ft.

uSL
AE

−

α =

=

= ×



3
23 1.86 10  rad−α = ×

A

B
C D E

F

G1 432 5

0.00617k 0.00617k
1/27k1/27k

Virtual Work-
Axial

For rotation of member 2-3.
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Member Length, 
L,
(ft)

Area, 
A,

(in.2)

ΔL
(in.)

Force, u,
(kips)

AB 45 6.0 0.1 -0.625 -0.0625

BC 27 4.0 0.1 -0.750 -0.0750

CD 27 5.0 0.1 -1.125 -0.1125

DE 27 5.0 0.1 -1.125 -0.1125

EF 27 4.0 0.1 -0.750 -0.0750

FG 45 6.0 0.1 -0.625 -0.0625

A1 27 3.0 0 +0.375 0

12 27 3.0 0 +0.375 0

23 27 5.0 0 +0.750 0

34 27 5.0 0 +0.750 0

45 27 3.0 0 +0.375 0

5G 27 3.0 0 +0.375 0

B1 36 2.0 0 0 0

C2 36 2.0 0 -0.500 0

D3 36 2.0 0 0 0

E4 36 2.0 0 -0.500 0

F5 36 2.0 0 0 0

B2 45 5.0 0 +0.625 0

C3 45 5.0 0 +0.625 0

E3 45 5.0 0 +0.625 0

F4 45 5.0 0 +0.625 0

A

B
C D E

F

G1 432 5

0.5k 0.5k1k

It is desired to impose an upward 
camber of 3.0 in. at node 3 of the 
given truss. The top chord and end 
post members will be made longer 
than their given dimension by the 
same amount.

Assume a change in length of 0.1 in.

6 at 27 ft = 162 ft

Virtual Work-
Axial

u LΔ

Smarter. Stronger. Steel. 34

Member Length, 
L,
(ft)

Area, 
A,

(in.2)

ΔL
(in.)

Force, u,
(kips)

AB 45 6.0 0.1 -0.625 -0.0625

BC 27 4.0 0.1 -0.750 -0.0750

CD 27 5.0 0.1 -1.125 -0.1125

DE 27 5.0 0.1 -1.125 -0.1125

EF 27 4.0 0.1 -0.750 -0.0750

FG 45 6.0 0.1 -0.625 -0.0625

A1 27 3.0 0 +0.375 0

12 27 3.0 0 +0.375 0

23 27 5.0 0 +0.750 0

34 27 5.0 0 +0.750 0

45 27 3.0 0 +0.375 0

5G 27 3.0 0 +0.375 0

B1 36 2.0 0 0 0

C2 36 2.0 0 -0.500 0

D3 36 2.0 0 0 0

E4 36 2.0 0 -0.500 0

F5 36 2.0 0 0 0

B2 45 5.0 0 +0.625 0

C3 45 5.0 0 +0.625 0

E3 45 5.0 0 +0.625 0

F4 45 5.0 0 +0.625 0

u LΔ

0.5 kip-in.u LΔ = −

3

3

(1 kip) 0.5 kip-in.
0.5

v

v

u LΔ = Δ = −

Δ = −


A

B
C D E

F

G1 432 5

0.5k 0.5k1k

Thus, to attain an upward camber of 
3.0 in., the top chord and end post 
members will each have to be 
fabricated (3/0.5)(0.1) = 0.6 in. 
longer than dimensioned.

Virtual Work-
Axial

u LΔ
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Member Length, 
L,
(ft)

Area, 
A,

(in.2)

ΔL
(in.)

Force, u,
(kips)

AB 45 6.0 0.1 -0.625 -0.0625

BC 27 4.0 0.1 -0.750 -0.0750

CD 27 5.0 0.1 -1.125 -0.1125

DE 27 5.0 0.1 -1.125 -0.1125

EF 27 4.0 0.1 -0.750 -0.0750

FG 45 6.0 0.1 -0.625 -0.0625

A1 27 3.0 0 +0.375 0

12 27 3.0 0 +0.375 0

23 27 5.0 0 +0.750 0

34 27 5.0 0 +0.750 0

45 27 3.0 0 +0.375 0

5G 27 3.0 0 +0.375 0

B1 36 2.0 0 0 0

C2 36 2.0 0 -0.500 0

D3 36 2.0 0 0 0

E4 36 2.0 0 -0.500 0

F5 36 2.0 0 0 0

B2 45 5.0 0 +0.625 0

C3 45 5.0 0 +0.625 0

E3 45 5.0 0 +0.625 0

F4 45 5.0 0 +0.625 0

u LΔ

A

B
C D E

F

G1 432 5

0.5k 0.5k1k

Question to consider

1. Is it more effective to change the 
length of the top chord and end 
post as done here, or the bottom 
chord.

Virtual Work-
Axial

Smarter. Stronger. Steel.

Polling Question

36
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Virtual Work-Flexural

• Flexural virtual work
– The formulation of the external virtual work will 

not be affected by which internal strains are 
considered to contribute to the deflection.

– The internal virtual work will be done by the 
internal virtual moments , mx, caused by the 
virtual load moving through the rotation caused 
by the real loads. Thus,

37

0

L
x x

i
m MW dx

EI
= 

Smarter. Stronger. Steel.

• Compare strain energy with internal virtual 
work.
– Axial

– Flexural

Virtual Work-Flexural

38

2

2i
S LW
AE

=

2

0 2

L
x

i
MW dx
EI

= 

i
uSLW
AE

=

0

L
x x

i
m MW dx

EI
= 

Strain Energy Virtual Work
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• Determine the vertical deflection at mid-span 
due to flexure.

Virtual Work-Flexural

39

15 ft

w = 4 kips/ft

RyA = 60 kips
RyB = 60 kipsΔ

Rx = 0

15 ft

Considerations when writing moment equations.
• Try to write so that x starts at 0.
• Try to write so that moment value starts at 0.
• Be sure to look to both real and virtual moment diagrams for guidance.

15 ft 15 ft

P = 1 kip

RyA = 0.5 kips RyB = 0.5 kips

Real Virtual

Smarter. Stronger. Steel.

• Determine the vertical deflection at mid-span 
due to flexure.

Virtual Work-Flexural

40

15 ft 15 ft

P = 1 kip

RyA = 0.5 kips RyB = 0.5 kips

The simplest solution will be obtained if the moment equations are written 
from 0 to L/2 starting at each end of the beam. 

24.060
2x
xM x= − 0.5xm x=

15 ft

w = 4 kips/ft

RyA = 60 kips
Δ

Rx = 0

15 ft
RyB = 60 kips

Real Virtual
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Virtual Work-Flexural

41

( )

2

15 15
2 3

0 0
154 3 2

3

0

4.00.5 60
2 21(kip) 2 30

1 42,187 (ft -kips )20
2

xx x
dx x x dx

EI EI

xx
EI EI

 
− 

 Δ = = −

 
= − = 

 

 

( )
( ) ( )

3 2 3 33 2

4

(42,187 ft -kips ) 1728 in. /ft42,187 (ft -kips )1(kip) 2.52 kip-in.
29,000 ksi 999 in.EI

Δ = = =

2.52 in.Δ =

If the beam is a W14x90, I = 999 in.4

Smarter. Stronger. Steel.

Virtual Work-Flexural
• Determine the rotation at the right support 

due to flexure..

42

30 ftRyA = 1/30 kips RyB = 1/30 kips15 ft

w = 4 kips/ft

RyA = 60 kips
RyB = 60 kips

Rx = 0

15 ft

α
m = 1 ft-kip

24.060
2x
xM x= −

30x
xm =

0

1(ft-kip)
L

x xm M dx
EI

α = 
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Virtual Work-Flexural

43

2

30 30 3
2

0 0
303 4 3 2

0

4.060
30 2 11(ft-kip) 2

15

1 2 4,500 (ft -kips )
3 60

x xx
xdx x dx

EI EI

x x
EI EI

 
−    α = = − 

 

 
= − = 

 

 

If the beam is a W14x90, I = 999 in.4

( )
( )( )

3 2 2 23 2

4

(4,500 ft -kips ) 144 in. /ft4,500 (ft -kips )1(ft-kip) 0.0224 ft-kip
29,000 ksi 999 in.EI

α = = =

0.0224 radα =

Smarter. Stronger. Steel.

• Determine the vertical deflection at mid-span 
due to flexure if the moment of inertia in the 
middle half is twice that at the ends.

Virtual Work-Flexural

44

15 ft 15 ft

P = 1 kip

RyA = 0.5 kips RyB = 0.5 kips

24.060
2x
xM x= − 0.5xm x=

15 ft

w = 4 kips/ft

RyA = 60 kips
Δ

Rx = 0

15 ft
RyB = 60 kips
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Virtual Work-Flexural

45

( )

( ) ( ) ( )

( )

2 2

7.5 15

0 7.5

7.5 15
2 3 2 3

0 7.5

7.5 154 4
3 3

0 7.5

4.0 4.00.5 60 0.5 60
2 2

1(kip) 2 2
2

2 230 30
2

1 120 20
2 2 2

x xx x x x
dx dx

EI E I

x x dx x x dx
EI E I

x xx x
EI E I

   
− −   

   Δ = +

= − + −

   
= − + −   

   

 

 

If the beam is a coverplated W14x90, I = 999 in.4

Smarter. Stronger. Steel.

Virtual Work-Flexural

46

( ) ( )
3 2 3 2 3 2

3 2

6,855 (ft -kips ) 42,187 (ft -kips ) 6,855 (ft -kips )1(kip)
2 2

24,521 (ft -kips )

EI E I E I

EI

Δ = + −

=

( )
( )( )

3 2 3 3

4

(24,521 ft -kips ) 1728 in. /ft
1(kip) 1.46 kip-in.

29,000 ksi 999 in.
Δ = =

1.46 in.Δ =

If the beam is a coverplated W14x90, I = 999 in.4
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Virtual Work-Flexural

47

8 ft

16 ft

24
 ft

A

B C

D

P = 20 k

RA = 10 k RB = 10 k

I = 1000 in.4

I =
 5

00
 in

.4

I =
 5

00
 in

.4

For the steel frame shown, with the 
properties given, determine the 
horizontal deflection of support D 
due to flexure.

Which direction do you expect the 
support to move?

Smarter. Stronger. Steel.

Virtual Work-Flexural

48

8 ft

16 ft

24
 ft

A

B C

D

P = 20 k

RA = 10 k RB = 10 k

10xM x= 10xM x=

0xM = 0xM =

I = 1000 in.4

I =
 5

00
 in

.4

I =
 5

00
 in

.4

The real moments plotted 
on the compression side.
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Virtual Work-Flexural

49

16 ft

24
 ft

A

B C

D

I = 1000 in.4

I =
 5

00
 in

.4

I =
 5

00
 in

.4
1 kip

24xm = − 24xm = −

xm x= − xm x= −

1 kip

00
The virtual moments plotted 
on the compression side.

Smarter. Stronger. Steel.

Virtual Work-Flexural

50

( ) ( ) ( ) ( )

( )

24 8 24

0
0 0

88 2

0 0

0 24 10 0
1 kip 2

500 1000 500

0.48 0.48
2

15.36 1728
0.915 kip-in.

29,000

Dh

x x x
dx dx dx

E E E

x xdx
E E

− − −
Δ = + +

− −= =

−
= = −

  



0.915 in.DhΔ = −

8 ft

16 ft

24
 ft

A

B C

D

P = 20 k

RA = 10 k RB = 10 k

I = 1000 in.4

I =
 5

00
 in

.4

I =
 5

00
 in

.4

Was your guess on direction correct?
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Virtual Work-Flexural

51

A

B C

D E

3 k

8 ft10 ft4 ft

3 
ft

7 
ft

For the steel member with the geometry 
and loading given, determine the 
horizontal and vertical deflections at A 
and the rotation at A.

The member has a moment of inertia of 
200 in.4

Smarter. Stronger. Steel.

Virtual Work-Flexural

52

A

B C

D E

3 k

8 ft10 ft4 ft

3 
ft

7 
ft

3xM x=

9xM =

( )9 3 0.707xM x= −

21xM = −

Real moment plotted on tension side
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Virtual Work-Flexural

53

A

B C

D E

1 k

8 ft10 ft4 ft

3 
ft

7 
ft

xM x=

3xM =

( )3 0.707xM x= −

7xM = −

Virtual moment for ΔAh , plotted on 
tension side.

Smarter. Stronger. Steel.

Virtual Work-Flexural

54

( ) ( ) ( ) ( ) ( )( ) ( )

[ ]
( )

( )

3 4 14.1 8

0 0 0 0

3 14.14 83 2 3
0 00 0

11 kip 3 3 9 3 0.707 9 3 0.707 7 21

1 27 27 6.363 0.5 147

1 27 108 381 1265 1402 1176

1829 1728
0.545 kip-in.

29,000 200

Ah x x dx dx x x dx dx
EI

x x x x x x
EI

EI

 
Δ = + + − − + − − 

 

 = + + − + +  

= + + − + +

= =

   

0.545 in.AhΔ =
A

B C

D E

8 ft10 ft4 ft

3 
ft

7 
ft

AhΔ
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Virtual Work-Flexural

55

A

B C

D E

1 k

8 ft10 ft4 ft

3 
ft

7 
ft

xM x=

( )4 0.707xM x= +

14xM x= +

Virtual moment for ΔAv , plotted on 
tension side.

Smarter. Stronger. Steel.

Virtual Work-Flexural

56

( ) ( ) ( ) ( ) ( )( ) ( )( )

[ ]
( )
( )

3 4 14.1 8

0 0 0 0

4 14.1 83 2 2 3 2
0 0 0 0

11 kip 0 3 9 4 0.707 9 3 0.707 14 21

1 0 4.5 36 1.06 0.5 294 10.5

1 0 72 508 211 1402 2352 672

4057 1728
1.21 kip-in.

29,000 200

Av x dx x dx x x dx x dx
EI

x x x x x x
EI

EI

 
Δ = + + + − + + − 

 

 = + + − − − −  

= + + − − − −

−
= = −

   

1.21 in.AvΔ =
A

B C

D E

ΔAv

8 ft10 ft4 ft

3 
ft

7 
ft
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Smarter. Stronger. Steel.

Virtual Work-Flexural

57

A

B C

D E

1 ft-k

8 ft10 ft4 ft

3 
ft

7 
ft

1xM =

1xM =

1xM =

1xM =

Virtual moment for αA , plotted on 
tension side.

Smarter. Stronger. Steel.

Virtual Work-Flexural

58

( ) ( ) ( ) ( ) ( )( ) ( )( )

[ ]
( )
( )

3 4 14.1 8

0 0 0 0

3 14.14 82 2
0 00 0

11 ft-kip 1 3 1 9 1 9 3 0.707 1 21

1 1.5 9 9 1.06 21

1 13.5 36 127 211 168

203 144
0.00504 kip-ft.

29,000 200

A x dx dx x dx dx
EI

x x x x x
EI

EI

 
α = + + − + − 

 

 = + + − −  

= + + − −

−
= = −

   

0.00504 radAα = A

B C

D E

αA

8 ft10 ft4 ft

3 
ft

7 
ft
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Virtual Work-Flexural

59

A
B C

D

10 ft

10 ft 10 ft

w = 1.0 kip/ft

Using axial and flexural virtual work, determine the 
vertical deflection at C. Beam ABC is a W10x22 and  
member DB is 1.5 in. diameter steel rod.

W10x22
A = 6.49 in.2

I = 118 in.4

1.5 in. Rod
A = 1.77 in.2

Smarter. Stronger. Steel.

Virtual Work-Flexural

60

A
B C

D

10 ft

10 ft 10 ft

w = 1.0 kip/ft

2

2x
xM = −

28.28 kipsDBS = +

2

2x
xM = −

20 kipsABS = −

Real forces and moments

RDv= 20 kips

RAh= 20 kips

RAv= 0 kips

RDh= 20 kips
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Virtual Work-Flexural

61

A
B C

D

10 ft

10 ft 10 ft

xx x= −

2.828 kipsDBu = +

xm x= −

2 kipsABu = −

Virtual forces and moments

1 kip

RDv= 2 kips

RAh= 2 kips

RAv= 1 kips

RDh= 2 kips

Smarter. Stronger. Steel.

Virtual Work-Flexural

62

( ) ( )( ) ( )( )

( ) ( ) ( )

[ ]

10 2

0
104

0

2.828 28.28 14.14 2 20 1021 kip
2

1 1131 400
4

2500 1728 1131 12 400 121
118 1.77 6.49

1 36,610 7,668 740

45,081 1.55 kip-in.
29,000

Cv
rod W

rod W

xx dx
EI A E A E

x
EI A E A E

E

E

 −Δ = − + + 
 

 
= + + 

 

 
= + + 

 

= + +

= =



1.55 in.CvΔ =

Questions to consider

1. If we had ignored axial 
deformations, would the answer 
have been sufficiently accurate?

2. If the rod had an infinite area, is 
it reasonable to ignore axial?



32

AISC Night School
June 24, 2019

Classical Methods of Structural Analysis
Session 3: Deflections by Virtual Work

© Copyright 2019
American Institute of Steel Construction

Smarter. Stronger. Steel.

Polling Question

63

Smarter. Stronger. Steel.

Polling Question

64
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Virtual Work-Shear

• Shear virtual work
– As before, the formulation of the external virtual 

work will not be affected by which internal strains 
are considered to contribute to the deflection.

– The internal virtual work will be done by the 
internal virtual shear forces caused by the virtual 
load, vx, moving through the displacement caused 
by the real loads. Thus, for a W-shape.

65

0

L
x x

i
w

v VW dx
A G

= For a W-shape, K=1.0

Smarter. Stronger. Steel.

• Compare strain energy with internal virtual 
work.
– Axial

– Flexural

– Shear

Virtual Work-Shear

66

2

2i
S LW
AE

=
2

0 2

L
x

i
MW dx
EI

= 

i
uSLW
AE

=

0

L
x x

i
m MW dx

EI
= 

Strain Energy Virtual Work

2

0 2

L
x

i
w

VW dx
A G

= 
0

L
x x

i
w

v VW dx
A G

= 
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Virtual Work-Shear
• Determine the vertical deflection at mid-span 

due to shear.

67

15 ft 15 ft

P = 1 kip

RyA = 0.5 kips RyB = 0.5 kips

The simplest solution will be obtained if the shear equations are written 
from 0 to 15 ft starting at the mid-span of the beam.

4  and 4x xV x V x= = − 0.5 and 0.5x xv v= = −

15 ft

w = 4 kips/ft

RyA = 60 kips
Δ

Rx = 0

15 ft
RyB = 60 kips

xx xx

Smarter. Stronger. Steel.

Virtual Work-Shear

68

( ) ( )
15 15

0 0
152 2

0

4 0.5 21(kip) 2 2

2 2 450 (kips -ft)
2

w w

w w

x
dx x dx

A G A G

x
A G A G

Δ = =

 
= = 

 

 

( )
( )( )

22

2

(450 kips -ft) 12 in./ft450 (kips -ft)1(kip) 0.0783 kip-in.
6.16 in. 11, 200 ksiwA G

Δ = = =

0.0783 in.Δ =

If the beam is a W14x90, Aw = dtw = 14.0(0.440) = 6.16 in.2
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Virtual Work-Shear

• We are now in a position to determine the 
relationship between shearing deflection and 
flexural deflection for a uniformly loaded 
beam.

69

( )/2 2

0

0.5
1 2

8

L

w w

wx wLdx
A G A G

Δ = → Δ =

2

/2 4

0

2 2 2 51 2
384

L
x wL wxx dx

wL
EI EI

 
− 

 Δ = → Δ =

We previously addressed the beam with 
a concentrated load at mid-span. 

Smarter. Stronger. Steel.

Shear vs. Flexural Deflections

• The ratio of shear deflection to bending 
deflection is:

– Making the following substitutions

– and multiplying by

70

2

4 2
8 48
5 5

384

V w

M w

wL
A G EI
wL A GL

EI

Δ = =
Δ

    2.5w w
EA dt
G

= =

2

2
d
d



36

AISC Night School
June 24, 2019

Classical Methods of Structural Analysis
Session 3: Deflections by Virtual Work

© Copyright 2019
American Institute of Steel Construction

Smarter. Stronger. Steel.

Shear vs. Flexural Deflections

• yields

71

2 2

13
24V

M w

I d dC
t d L L

Δ    = =   Δ    

As was the case for a concentrated load, the relationship between 
shear and flexure contributions to deflection is a function of the depth 
to span ratio squared. Again confirming that  the normal assumption 
that shear is an issue for short span deep beams.

The variable C1 will be 0.8 times C2 determined previously. It ranges 
from approximately 20.0 for a W14x90 to 6.2 for a W24x55.

Smarter. Stronger. Steel.

Shear vs. Flexural Deflections

• yields

72

Again using the rule of thumb that the depth of a 
steel beam is 1/24 the span, for a W14x90

It should not be surprising that shear contribution for 
a uniformly loaded beam is less than for a beam with 
a concentrated load at mid-span. (C1 = 0.8C2)

2120.0 0.035
24

V

M

Δ  = = Δ  

2 2

13
24V

M w

I d dC
t d L L

Δ    = =   Δ    
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Summary
• Developed the procedure for applying the principle of 

virtual work.
• Applied the principle of virtual work to axial, flexural, 

and shear contributions to deflections and rotations.
• Investigated the influence of combined stresses on 

deflection.
• Considered the impact of temperature change and 

established an approach for inducing camber in 
trusses.

• Investigated the relationship between shear and 
flexural deflection for simple steel beams.

73

Smarter. Stronger. Steel.

Lesson 4

• Moment Area and Elastic Weights
– Develop the direct integration approach for 

calculating flexural deflections.
– Introduce the Moment Area theorems.
– Develop the method of elastic weights, better 

known as the conjugate beam method.

74
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Thank You

American Institute of Steel Construction
130 East Randolph, Suite 2000
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