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Session Description

20.3 Deflections by Virtual Work
June 24, 2019

This lesson will address calculating deflections by virtual work. The process for
applying the principle of virtual work will be developed. Calculating deflections
due to axial forces, shear and flexure will be covered as well as the relationship
between flexural and shear deflections. The influence of temperature change on

the structure will be introduced. Approaches for writing moment equations will
be also reviewed.

"/ Smarter. Stronger. Steel.

C I{ﬁght School

Learning Objectives:

* Develop the process for applying the principle of virtual work.

* Investigate deflections due to axial and shear forces, as well as
due to flexure.

* Formulate the different approaches for writing moment
equations.

* Explain the relationship between flexural and shear deflections
in steel W-shapes for uniform load.

./ Smarter. Stronger. Steel.
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Lesson 3
Deflections by Virtual Work

Classical Methods of Structural Analysis: * Develop the process for applying the principle of

H did it bef t virtual work.
ow we did It before computers * Investigate deflections due to axial forces.

* Consider the influence of temperature change.
* Investigate deflections and rotations due to flexure.

Night School 20 * Highlight approaches for writing moment equations.
* Investigate deflections due to shear.
Lesson 3 * Study the relationship between flexural and shear
Deflections by Virtual Work deflections in steel W-shapes for uniform load.
* Consider the influence of combined axial and flexural

stresses.

Smarter. Stronger. Steel. Smarter. Stronger. Steel.

Deflections for Other Loads Virtual Work

The previous lesson illustrated situations where the
deflection was desired at a point other than directly
under the single load on the structure.

* Principle of Virtual Work: If a deformable
structure, in equilibrium and sustaining a
given load or system of loads, is subjected to a
SRA R TARR RAARRRAN f jjﬁ s ”°k” virtual deformation as the result of some
”%’ o ”%’ i MSJ” ) ’?’ additional action, the external virtual work of
' T | the given load or system of loads is equal to
the internal virtual work of the stresses caused

by the given load or system of loads.

15 ft 15ft 15 ft

\,E Smarter. Stronger. Steel. \.; Smarter. Stronger. Steel.
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20 ft

Virtual Work

. . Using the given truss as the basis,
8k ki
Bl s lSC bs develop the method of virtual work for

calculating the deflection of the lower
node, E, due to the given loading.

Since the truss is determinate and is in
E - X
A _ D equilibrium, the forces in the members
9 T - 4 canbe determined.

e Ap

}_ ,‘4 S Je " AB -10.0
15 ft 15 ft 15 ft 15 ft BC -6.0
cD -10.0
AE +6.0
ED +6.0

BE 0

Smarter. Stronger. Steel. CE 0
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Virtual Work

The Process:

A779>7 =
IO.S kips

ll kip (fictitious)
0.5 kips

This is the VIRTUAL system.

Smarter. Stronger. Steel.

4° o

To the unloaded structure, apply a
unit load at the point and in the
direction of the desired deflection.
This is an imaginary or fictitious force

called a “virtual” force. (The structure will
displace under this virtual load but we are not
interested in this displacement.)

The structure is in equilibrium under
this virtual force so it constitutes the
“given load or system of loads” in our
statement of the principle of virtual
work.

The member forces, u, can be
determined for this virtual loading.

Virtual Work

The Process:
. . 4. Apply the real loads to the structure
Blg ips lSCklps with the virtual load in place.
5. Under the action of the real loads,
the structure will deflect.
6. The virtual load will move through
that deflection, Aj,, and do work:

A}ﬁ\‘\\\\ T & 1 kip
IS kips A

1 kip (fictitious)

AEV
7. The member forces due to the real
load system, S, can be determined
from equilibrium. See earlier slide 13
for results of that analysis.

Smarter. Stronger. Steel.
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Virtual Work

The Process:

Blsmm limm

g ey N
IBkips A

1 kip (fictitious)

Smarter. Stronger. Steel.

The change in length of the members
due to those forces can be calculated.
—_ SKLI
" AE

The internal virtual work, virtual
strain energy, can be determined
since the internal virtual forces, u;,
move through the change in length of
the members, AL,

U b W, =uAL

_ uiSiLi

| AE
AL
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The Process:

Bls Kips lSCkips

1 kip (fictitious)

/) Smarter. Stronger. Steel.

Virtual Work

10. The total internal virtual work is
ZuSL

T~ 4E

11. From the principle of virtual work

=~ /‘// Length, L, | Force,S, | Force,u,
Is kips A F)/l 8 kips () (kips) | (kips)

25.0 -10.0 -0.625
BC 30.0 -6.0 -0.75
CD 25.0 -10.0 -0.625
AE 30.0 +6.0 +0.375
ED 30.0 +6.0 +0.375
BE 25.0 0 +0.625
CE 25.0 0 +0.625

17

Classical Methods of Structural Analysis
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Virtual Work

* Compare strain energy with internal virtual

work.
. S*L L
— Axial W, = W, = usk
2AE AE
Strain Energy Virtual Work

i )
@i Smarter. Stronger. Steel.

s

Determine A,

Virtual Work-Axial
Length, | Force, Force, | Area, A, uSL
l ok ok Sl L, (ft) (klps) u, (kips) | (in.?) 4
8 ips p: c

areas for tension and compression.

A

) Smarter. Stronger. Steel.

have much larger members with varying l(klp)A =

Ev

25.0 -10.0 -0.625 0.5 3125
BC 30.0 -6.0 -0.75 0.5 270
A D cb 25.0 -10.0 -0.625 0.5 3125
A ' ? AE 30.0 +6.0 +0.375 0.5 135
18 kips A 8 kips| ED 30.0 +6.0 +0.375 0.5 135
1 Kip {fctitious} BE 250 ) 10625 05 0
CE 25.0 0 +0.625 0.5 0
aubsequent examplesar or usratin T oues
purposes only. An actual steel truss would uSL 1165

= =0.0402 (kip-ft
AE 29,000 (kip-ft)

=0.0402 ft(12 in/ft) = 0.482 in.

© Copyright 2019
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Virtual Work-Axial

Determine, Ay,

Length, | Force,S, | Force, | Area, A, uSL
L, (ft) (kips) | u, (kips) | (in.2) 4
1kip

B C 25.0 -10.0 -0.417 0.5 208.5
BC 30.0 -6.0 +0.50 0.5 -180
D cD 25.0 -10.0 +0.417 0.5 -208.5

—
1kip pw AE 30.0 +6.0 -0.75 05 -270
0.333 kip 0.333 kip ED 30.0 +6.0 -0.25 0.5 -90
BE 25.0 0 +0.417 0.5 0
Since Ay, is negative, the - 250 0 0417 05
horizontal deflection at node - — : 0
B is opposite to what we had X s
assumed, thus, to the right. . uSL —540 .
1(kip)A,, = > —— =-0.0186 (kip-ft)
AE 29 000
. A, =—0.0186 ft (12 in/ft) =—0.223 in.
% 4

)
/ Smarter. Stronger. Steel.
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A D

w7 1
ID.S kips. 1kip 0.5 kips

Length, | Force,S, | Force, | Area, A, uSL
L, (ft) (kips) u, (kips) (in.2) T
AB

25.0 4100 -0.625 05 3125
BC 300 6.0 -0.75 0.5 270
D 25.0 4100 -0.625 0.5 3125
AE 300 +60 40375 05 135
ED 30.0 +60 40375 05 135
BE 25.0 0 +0.625 05 0
CE 25.0 0 +0.625 05 0
> 1165

Smarter. Stronger. Steel.

Virtual Work-Axial

Questions to consider.

1.

If we double the area of all
members, what happens to the
vertical deflection at E?

What happens to the vertical
deflection at E if we just increase
the area of members BE and CE?
How much does member BC
contribute to the total vertical
deflection at E?

A

Ev

Classical Methods of Structural Analysis
Session 3: Deflections by Virtual Work

Virtual Work-Axial

«—Bv
D

Questions to consider.

—
1kip »%70.333 . O.333kip’% 1. What happens .to thg horizontal
deflection at B if we increase the
Length, | Force,S, | Force, | Area, A4, ﬂ area of member AB?
w u, (kips) | (in?) 2. To maintain symmetry, any
AB 25.0 -10.0 -0.417 0.5 208.5 change in area of members AB
BC 30.0 6.0 +0.50 05 180 and CD will be the same. What
o 25.0 100 +0.417 05 2085 impact will an increase in area
e — = E e T have on the horizontal deflection
ED 30.0 +6.0 -0.25 05 90 at.
BE 25.0 0 +0.417 0.5 0
CE 25.0 0 0417 0.5 0 A h
Y 540 B

Smarter. Stronger. Steel.

Smarter. Stronger. Steel.

Polling Question

© Copyright 2019
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Polling Question

\.' Smarter. Stronger. Steel.
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Virtual Work-Axial

» Temperature change

— Use the method of virtual work to determine the
impact of a temperature change on the deflection
of the truss.

— Assume that both bottom chord members see an
increase in temperature of 70°F.

— Determine the vertical deflection at point E.
— The coefficient of thermal expansion for steel is:

o =0.0000065 in./in./°F

/) Smarter. Stronger. Steel.

Classical Methods of Structural Analysis
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Virtual Work-Axial

» Temperature change

— The virtual load is applied just as it was to
calculate deflection due to a real loading system.

— The temperature change results in an elongation
or shortening of the member length, AL,
analogous to SL/AE.

For a member 30 ft in length with a 70 °F temperature change.

AL =0.0000065(70)(30)(12) = 0.164 in.

/) Smarter. Stronger. Steel.

Virtual Work-Axial

B
A/V\D Temperature change

”r 1 »% A 70 °F increase in the
Toswes 1kp  0.5kips temperature of the bottom

w T | o tin chord resclts b2
: . ) .
L ||oErE] @ downward deflection of
AB 0.0 0

25.0 -0.625
BC 30.0 -0.75 0.0 0 . . .
cD 25.0 -0.625 0.0 0 l(klp)AEv = O 123 klp-ln.
AE 30.0 +0.375 0.164 0.0615 :
ED 300  +0.375 0164  0.0615 AEV =0.123 in.
BE 25.0 +0.625 0.0 0
CE 25.0 +0.625 0.0 0
> 0.123 Note that member area does not influence

deflection due to temperature change.

) Smarter. Stronger. Steel.

© Copyright 2019
American Institute of Steel Construction

Virtual Work-Axial

. . Temperature change

o A 70°F decrease in the

Tos ks 1khp 05 kip?? temperature of all but the
Length, | Force, | AL, bottom chord results in a

@ downward deflection of

25.0 -0.625 -0.1365  0.085

BC 30.0 -0.75 -0.164 0.123

cD 25.0 0625 -0.1365  0.085 l(klp)A Ev — 0.123 klp-ln

AE 300  +0.375 0 0 .

ED 300  +0.375 0 0 AEV =0.123 in.

BE 250  +0.625 -0.1365 -0.085 Note that these two

CE 250  +0.625 -0.13625 -0.085 approaches yield the same
0.123

deflection.

Smarter. Stronger. Steel.
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. Length, Are: Force, S, . I W k Lengtl Area, | Force, | Force,u,
Virtual Work- R R Virtual Work- |
ips|
. AB 45 6.0 125 .
AX I a | - - .~ P AXI a I AB 45 60  -125  -0.625
— - B0 P BC 27 40 126 -0.750
. . : : D 27 50  -1455 1125
Consider the long span steel truss under the DE 27 5.0 -145.5 Determine the vertical deflection at node 3 and
. ) DE 27 50 1455 1125
given load. EF 27 4.0 -126 the rotation of member 2-3.
EF 27 40 126 -0.750
FG 45 6.0 -125
2k 2k 2k 2k 2k a I 20 s FG 45 60 125  -0625
. §C¢ 1D 1E §. 2 i 20 s B c 0 E E AL 27 30 475 40375
°B = 5O g 12 27 30 475 40375
36 ft 34 » 5o 126 36 ft 23 27 50  +126  +0.750
A 1 2 4 5 G " - 0 s A 1 2 4 5 G 34 27 50  +126  +0.750
I l l l 7‘%‘ 5G 27 30 +75 /’%’ l 7\@7 45 27 30 475 40375
100k® 30 40k sok 4ok 30k 1100k o % 20 0 0.5k 1k Tosk ® | @ | 90 | @B | W5
B1 36 20 +30 0
e 36 2.0 28
‘ 6 at 27 ft = 162 ft ‘ o3 % 0 5 ‘ 6 at 27 ft = 162 ft ‘ @ 36 20 28 -0.500
‘ ‘ E4 36 2.0 -28 ‘ ‘ D3 36 20 -2 0
& - -~ pr= E4 36 2.0 28 -0.500
Again, the member areas used in this and - 5 36 20 430 0
subsequent examples are for illustration 2 & 0 +85 For the deflection of node 3. B2 45 5.0 +85 +0.625
purposes only. They may not be sufficient (o] 45 5.0 +32.5 - g
to carry the imposed load. E3 45 5.0 4325 = a5 50 4325 +0.625
€3 45 50 4325 40625
Smarter. Stronger. Steel. F4 45 50 +85 Smarter. Stronger. Steel.
. F4 45 50 485 40625

. Force, Force, u, . Force, Force, u,
Virtual Work- ] Virtual Work- I
Axial Axial
c D £ AB c D £ AB ! +0.00771
B 3 F BC 27 40 126 -0.750 638 B T F BC 27 40  -126  +0.00926  -7.88
D 27 50 1455  -1.125 884 D 27 50 -1455  -0.0139 1092
DE 27 50 1455  -1.125 884 DE 27 50 -1455  -0.0139 10.92
A 1 2 4 5 G A 1 2 4 5 G
A l @ EF 27 40 126 -0.750 638 i @ EF 27 40 126 -0.00926 7.88
I 0.5k I FG 45 60  -125  -0.625 586 1 1/27k 1/27k I FG 45 60  -125  -0.00771 7.23
- 1k 0.5k Al 27 3.0 +75 +0.375 253 27 3.0 +75  -0.00463 313
0.00617k 0.00617k
12 27 30 475 +0.375 253 X 12 27 30 475 -0.00463 313
uSL 23 27 50  +126  +0.750 510 For rotation of member 2-3. 23 27 50  +126  -0.00926 6.30
c 2 a2 ! . ! -0, 6.
> —==8,074 kip’-fvin.
A 34 27 50 4126  +0.750 510 SL 34 27 50  +126  +0.00926 6.30
u . .
) uSL 45 27 3.0 +75 +0.375 253 —— =540 klpz _ft/in.? 45 27 3.0 475  +0.00463 3.13
(1 kip)A;, = IE 56 27 30 475 +0.375 253 A 56 27 30 475 +0.00463 313
X B1 36 20 430 0 0 . o uSL B1 36 20 430 0 0.00
8,074 kip®-ft (1 f-kip)or,; = ) ——
= " c2 36 2.0 -28 -0.500 252 AE 2 36 2.0 -28 -0.0308 15.52
29,000 ksi D3 36 20 2 0 0 54.0 kip>-ft/in.2 D3 36 20 2 0 0.00
=0.278 kip-ft. - K e — g 4
p E4 36 2.0 28 0.500 252 29,000 ksi E4 36 20 28 -0.00617 311
. F5 36 20 430 0 0 . F5 36 20 430 0 0.00
A,, =0.278(12) =3.34 in. =1.86x10" kip-ft.
v B2 45 50 485 +0.625 478 B2 45 50 485  -0.00771 -5.90
-3
a 45 50 4325 40625 183 o, =1.86x10 rad a 45 50 4325  +0.0385 1126
£3 45 50 4325 40625 183 £3 45 50 4325  +0.00771 2.26
Smarter. Stronger. Steel. Smarter. Stronger. Steel.
F4 45 50 485 +0.625 478 F4 45 50 485  +0.00771 5.90

© Copyright 2019
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Virtual Work-
CAxDiaIE

Force, u,
(kips)

. Force, u,
Virtual Work- el
Axial
c D E AB 01 0625 -0.0625
B F BC 27 40 01 0750  -0.0750
o) 27 50 01 1125 01125
DE 27 50 01 1125 01125
A 1 2 4 5 G
l EF 27 40 01 0750  -0.0750
I FG 45 60 01 0625 -0.0625
0.5k 1k O.SkI AL 27 3.0 0 +0.375 0
‘ 6 at 27 ft = 162 ft 12 27 3.0 0 +0.375 0
‘ ‘ 23 27 5.0 0 +0.750 0
34 27 50 0 +0.750 0
It is desired to impose an upward 25 27 30 o 40375 0
camber of 3.0 in. at node 3 of the 56 27 30 0 40375 0
given truss. The top chord and end B1 36 20 0 0 0
post members will be made longer oy 36 20 0 -0.500 0
than their given dimension by the D3 36 20 0 0 0
same amount. E4 36 20 0 -0.500 0
Fs 36 20 0 0 0
Assume a change in length of 0.1 in. 82 5 50 0 +0.625 0
c3 5 50 0 +0.625 0
€3 45 5.0 0 +0.625 0
Smarter. Stronger. Steel.
F4 45 5.0 0 +0.625 0
. AL Force, u,
Virtual Work- i) | b | AL
Axial
c b £ AB 01 0625  -0.0625
B 2 F BC 27 40 01 0750  -0.0750
o) 27 50 01 41125 -01125
DE 27 5.0 0.1 -1.125 -0.1125
A 1 2 4 5 G
4 l EF 27 40 01 0750  -0.0750
/'7‘% FG 45 60 01 0625

0.5k 1k

Question to consider

1. Is it more effective to change the
length of the top chord and end
post as done here, or the bottom
chord.

Smarter. Stronger. Steel.

e
;

L

:
.

.
.

2.0
2.0
2.0
2.0
5.0
5.0
5.0
5.0

- :
0
0
0
0
0
0
0
0
0

-0.0625

© Copyright 2019
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AB 0.1 0625  -0.0625
B F 8C 01 0750  -0.0750
o 27 50 01 1125 -0.1125
A . , . s s DE 27 50 01 1125 01125
o l % EF 27 40 01 0750  -0.0750
I FG 45 60 01 0.625  -0.0625
0.5k 1k O.SkI AL 27 3.0 0 +0.375 0
L 12 27 30 0 +0.375 0
Z uAL =-0.5 kip-in. 23 27 5.0 0 +0.750 o
34 27 50 0 +0.750 o
(1kip)A,, = Z”AL =-0.5 kip-in. 45 27 3.0 0 +0.375 0
A,, =-0.5 56 27 30 0 +0.375 0
Bl 36 20 0 0 0
Thus, to attain an upward camber of () 36 2.0 0 -0.500 0
3.0in., the top chord and end post D3 36 2.0 0 0 0
members will each have to be £4 36 20 0 -0.500 0
fabricated (3/0.5)(0.1) = 0.6 in. F5 36 20 0 o o
longer than dimensioned. B2 45 5.0 0 +0.625 0
c3 5 50 0 +0.625 0
Smarter. Stronger. Steel. 8 * >0 0 +0.625 0
F4 45 50 0 +0.625 o
. .
Polling Question
Smarter. Stronger. Steel. %
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e Flexural virtual work

Virtual Work-Flexural

— The formulation of the external virtual work will
not be affected by which internal strains are
considered to contribute to the deflection.

— The internal virtual work will be done by the
internal virtual moments , m,, caused by the
virtual load moving through the rotation caused

by the real loads. Thus,

/) Smarter. Stronger. Steel. -

Classical Methods of Structural Analysis
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Virtual Work-Flexural

* Compare strain energy with internal virtual
work.

— Axial 8 , N O o N\
u
24E AE
— Flexural Loy )
Wi=J4dex VVizj-mexdx
o 2EI o EI
Strain Energy Virtual Work

/) Smarter. Stronger. Steel.

Virtual Work-Flexural

* Determine the vertical deflection at mid-span
due to flexure.

w =4 kips/ft l P =1kip

____________ 8

f Ry5=0.5 kips

15 ft

Virtual

Considerations when writing moment equations.

* Try to write so that x starts at 0.

¢ Try to write so that moment value starts at 0.

* Be sure to look to both real and virtual moment diagrams for guidance.

) Smarter. Stronger. Steel.

Virtual Work-Flexural

* Determine the vertical deflection at mid-span
due to flexure.

w =4 kips/ft l P=1kip

Ry5= 0.5 kips

- N

Real Virtual
The simplest solution will be obtained if the moment equations are written
from O to L/2 starting at each end of the beam.

4.0x* m_= 0.5x

M, =60x—

, Smarter. Stronger. Steel.

© Copyright 2019
American Institute of Steel Construction
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Virtual Work-Flexural
If the beam is a W14x90, /=999 in.*

2
; 0.5x(60x—4gx J )i
Ikip)A=2| ——— L dx == (30x* —=x° ) dx
(ip) -0[ El EIJ.( )

0
" 392
_ 1 205 X _ 42,187 (ft"-kips™)
EI 2 ),

EI

42,187 (ft’ kips?) (42,187 ft’-kips”)(1728 in*/ft’)
El (29,000 ksi)(999 in.*)

1(kip)A =

A=2.521n.

/) Smarter. Stronger. Steel.

=2.52 kip-in.

Virtual Work-Flexural

* Determine the rotation at the right support
due to flexure..

w =4 kips/ft m =1 ft-kip

0 =

AAAAAAAAAAAAAAAS AL )
R,5=60 kips ?
Ceoki s ’
Rya= 60 kips! 15 ft “ 15 ft ! R,.=1/30 k’li’ 30 ft Ry5=1/30 kips
I
— F—

L
I(ft-kipyor = | m*E—Afde

0

/) Smarter. Stronger. Steel.

Virtual Work-Flexural
If the beam is a W14x90, / =999 in.*

x o 4.0x°
30 30 2 30 3
1(ft-kip)o. = J'—dx = iJ' 2x? X dx
0 EI EIy 15

1 (22 x* .
2151[3_6()}

0

4,500 (ft’ -kips®)
EI

4,500 (f*-kips®) (4,500 ft’-kips®)(144 in’/ft* )
El © (29,000 ksi) (999 in.*)

1(ft-kip)o. = =0.0224 fi-kip

o=0.0224 rad

) Smarter. Stronger. Steel.

Virtual Work-Flexural

* Determine the vertical deflection at mid-span
due to flexure if the moment of inertia in the
middle half is twice that at the ends.

w = 4 kips/ft l P=1kip
I >>>>> 156t ?RM:O.S kips
— I «— — l <«
4.0x° m_=0.5x

© Copyright 2019
American Institute of Steel Construction
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Virtual Work-Flexural Virtual Work-Flexural
If the beam is a coverplated W14x90, /=999 in.* If the beam is a coverplated W14x90, / =999 in.*
2 2 3 . 2 3 . 2 3 . 2
0 5x[60x—4 0x j ) 0.5){60){_4.(;5 J kip)A = 6,855 (ft' kips?) | 42,187 (ft’-kips’) 6,855 (ft’ kips®)
l(klp)AZZIde+2dex EI E(ZI) E(Z[)
o 7 (21) 24,521 (ft*kips®)
2 7.5 2 15 :T
:—I(30x —xs)dx+ J.(30x2—x3)dx
El E(ZI)” 302 - 303
: . (24,521 ft’kips®) (1728 in*/ft’) o
1 Y\ 1 A\ 1(kip)A = - — =1.46 kip-in.
=—|200-=| + 20x° - (29,000 ksi)(999 in.*)
EI 2 E(ZI) 2
0 75
A=1.46 in.
. Smarter. Stronger. Steel. 6
Virtual Work-Flexural Virtual Work-Flexural
i B /=1000in4 C For the steel frame shown, with the il B /=1000in.% C
properties given, determine the N PR
horizontal deflection of support D M, =10x M, =10x
" - due to flexure. - "
E é é Which direction do you expect the E é é
o o support to move? o o M =0 M. =0
~ ~ ~ ~
e C | ]
ﬁ 77%7 The real moments plotted
Ry =10 k] Rg=10k R, =10 k] Rg=10k on the compression side.
16 ft ‘ 16 ft

) Smarter. Stronger. Steel.

y. Smarter. Stronger. Steel.

© Copyright 2019
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Session 3: Deflections by Virtual Work

June 24, 2019

Virtual Work-Flexural Virtual Work-Flexural
B _ X 0) g —24(10x) 2 —x(O)
m =24 m =24 P=20k 1kip)A,, = 7)6( dx+2 dx + d
e L8t (kip)a,, { 500E { 000z " 3002
T I8 7=1000in* C | \ B"I: T000m= |\ ~ T ~048x | _ —0.48x> \8
p = =
: ! ' E 2E |
<. < 4. <, “ —15.36(1728) L.
& £ c & E £ \ =————==-0.915 kip-in.
g, = S 3 B S \ 29,000
n n kn n \
. . o i oo
T mo=-x  m o=-x I | \
1 kip A D 1 kip .
— —
2.4 ' A, =-09151n.
The virtual moments plotted
th jon side.
IO 0 on the compression side Was your guess on direction correct?
16 ft ‘
Smarter. Stronger. Steel. 49

Virtual Work-Flexural

For the steel member with the geometry

) Smarter. Stronger. Steel.

© Copyright 2019
American Institute of Steel Construction

Virtual Work-Flexural

y. Smarter. Stronger. Steel.

and loading given, determine the
. D K £ horizontal and vertical deflections at A D ke
N and the rotation at A. N
~ The member has a moment of inertia of ~
A 3k ; A 3k
i ) 200 in.4 = —)
=4 L= T
o (a2}
\ 2
B 4ft C 10ft 8t B aft  C 10ft 8t = /‘9’3(‘”‘”‘)
M, =9

Real moment plotted on tension side

13
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Virtual Work-Flexural

7 ft

A 1k
—

3 ft

v
c
BLaft © 1oft . sft

M,=3

tension side.

/) Smarter. Stronger. Steel.

Virtual moment for A, , plotted on

Virtual Work-Flexural

(1kip)A ﬁx (3x)dx i 1T(3—0.707x)(9—3(0.7o7x))dx+T—7(—21)alx

= LI0[ 4274 427063636 +0.5¢ [ 41474
EIL o 0 0

=L[27+108+381—1265+1402+1176]

_ 1829(1728)
=29,000(200) >4 Kipin

A AM
A, =0.545 n.

}_4 ft 10 ft

-

/) Smarter. Stronger. Steel.

Virtual Work-Flexural

M, =4+(0.707x)

/

M, =x

:XAtlk
-] U

B 4ft }C 10 ft 8 ft

tension side.

) Smarter. Stronger. Steel.

Virtual moment for A, , plotted on

Virtual Work-Flexural

14.1 8
(1kip)A,, = [Io (3x) dx+j (9)x+ | (4+0.707x)(9—3(0.707x))dx+I(14+x)(—21)dx:|
0
:7[0‘- +4.5x7 +36x-1.065" 052 —294x—1045x2‘8}
EI 0 0 0 0

:$[0+72+508—211—1402—2352—672]

_ —4057(1728)
" 29,000(200)

=-1.21 kip-in. D ke
§

A, =121in. ¢

y. Smarter. Stronger. Steel.

© Copyright 2019
American Institute of Steel Construction
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June 24, 2019

Classical Methods of Structural Analysis
Session 3: Deflections by Virtual Work

Virtual Work-Flexural

x

7 ft

N1k

=4
o

“« e

c
BLaf © 1oft . sft

M, =1

Virtual moment for o, , plotted on
tension side.

/) Smarter. Stronger. Steel.

Virtual Work-Flexural

1 14.1
(1 ft-kip) o, =—

0

:L[l.sxz\“ +9x]) +9x~1.06x7 " —21xﬂ
EIL T 0 0

=i[13.5+36+127—211—168]
EI

-203(144)

=V 0.00504 kip-fi.
29,000(200)

= Hl(3x)dx+:[l (9)dx + J’ (1)(9—3(0.707x))dx+i(1)(—21)dx}

&
~

o, =0.00504 rad

3 ft

/) Smarter. Stronger. Steel.

Virtual Work-Flexural

Using axial and flexural virtual work, determine the
vertical deflection at C. Beam ABC is a W10x22 and
member DB is 1.5 in. diameter steel rod.

Virtual Work-Flexural

R, =20 kips
Rpy=20kips 3 T

S, =+28.28 kips

D 10ft _
; wio2 5. -0k w = 1.0 kip/ft
i I VAT SRR R
1ot w = 1.0 kip/ft 1.5in. Rod Ry=20kips ' A‘F 10“2 }B 10ft : c
A=1.77in? R = 0 kips M, __x M, __x
! §>¢¢HHHH SV 2 2|
Al 10 ft B oft .c

) Smarter. Stronger. Steel.

Real forces and moments

marter. Stronger. Steel.

© Copyright 2019
American Institute of Steel Construction 15
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June 24, 2019

Virtual Work-Flexural

Rj,= 2 kips
Rpy=2kips AT

up,, =+2.828 kips

10ft
1ki
Uyp i | P
Ry=2kips L ] 10 ft B 10ft ‘ c
AL e
R, =1 kips m o= —x Y o= —x

Virtual forces and moments

/) Smarter. Stronger. Steel.

Classical Methods of Structural Analysis
Session 3: Deflections by Virtual Work

Virtual Work-Flexural

LI 2.828(28.28)(14.14) 2(20)(10
(lkip)AFV:iI—x > Ix + ( )( )+ ( )( )
Ery | 2 4,,E A E
10
_ 1«7, 1131 400
EI\4 )  A.E AE

1[2500(1728) +1131(12) . 400(12)
"E 118 1.77 6.49

1
=—[36,610+ +74
5[36’6 0+7.668+740] Questions to consider

45,081
29,000

=1.55 kip-in. 1. If we had ignored axial

deformations, would the answer
ACv =1.551n. have been sufficiently accurate?
2. If the rod had an infinite area, is

it reasonable to ignore axial?

/) Smarter. Stronger. Steel.

Polling Question

) Smarter. Stronger. Steel.

© Copyright 2019

American Institute of Steel Construction

Polling Question

y. Smarter. Stronger. Steel.

16
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Virtual Work-Shear

e Shear virtual work

— As before, the formulation of the external virtual
work will not be affected by which internal strains
are considered to contribute to the deflection.

— The internal virtual work will be done by the
internal virtual shear forces caused by the virtual

load, v,, moving through the displacement caused
by the real loads. Thus, for a W-shape.

L
vV
For a W-shape, K=1.0 VV, = J.Adx

/) Smarter. Stronger. Steel.

Classical Methods of Structural Analysis
Session 3: Deflections by Virtual Work

Virtual Work-Shear

* Compare strain energy with internal virtual

work. T
2 /[ \
— Axial W, = S L W, = usL
2AE AE
L 2 L
M
— Flexural W;:J'M" W, = [ ax
Y 2EI ) El
L 2 L
vV
— Shear = Ve i W, = [===dx
0 2AWG 0 AWG
Strain Energy Virtual Work

Virtual Work-Shear

* Determine the vertical deflection at mid-span
due to shear.

w =4 kips/ft l P =1kip

R,=60 kips »%7 _______________ 2
i |
I f Rys=0.5 kips

Ry, = 0.5 kips'

The simplest solution will be obtained if the shear equations are written
from 0 to 15 ft starting at the mid-span of the beam.

V.=4xand V =-4x v.=05andv, =-0.5

) Smarter. Stronger. Steel.

Virtual Work-Shear

If the beam is a W14x90, 4,, = dt,, = 14.0(0.440) = 6.16 in.?

4x(0.5)
A,G

W

15 2 15
1(kip)A =2 dx=——1|(2x)d
(kip) '([ X AWG‘([( x)dx

~ 2 (27 450 (kips'-fo)
4,62 ), 4G
ips?-ft) (450 kips®-ft) (12 in./ft
1(kipya = 20 (Kips ) _ ( > (12 in _)=0.0783 Kip-in.
A4,G (6.16 in.” (11,200 ksi)
A=0.0783 in.

./ Smarter. Stronger. Steel.

© Copyright 2019
American Institute of Steel Construction
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Virtual Work-Shear

* We are now in a position to determine the
relationship between shearing deflection and
flexural deflection for a uniformly loaded
beam.

x( wL wx?
w22 Y s
IA=2 | —————F— > A=

d El  384E1
L/2 05 2
PN L L) PR
o AG 84,G

We previously addressed the beam with
./ Smarter. Stronger. Steel. a concentrated load at mid-span.

Shear vs. Flexural Deflections

* The ratio of shear deflection to bending
deflection is:

wi?
A, 84G  4A8EI

W

A, Swl'  54.GL
384E1
— Making the following substitutions

A =a, E-25
G

— and multiplying by

d2

d2

/) Smarter. Stronger. Steel.

Shear vs. Flexural Deflections

ﬁ,w@j@@j
A, t,d\L "L

As was the case for a concentrated load, the relationship between
shear and flexure contributions to deflection is a function of the depth
to span ratio squared. Again confirming that the normal assumption
that shear is an issue for short span deep beams.

* yields

The variable C; will be 0.8 times C, determined previously. It ranges
from approximately 20.0 for a W14x90 to 6.2 for a W24x55.

./ Smarter. Stronger. Steel.

Shear vs. Flexural Deflections

A, _241(dY_(dY
A, td\L "L
Again using the rule of thumb that the depth of a
steel beam is 1/24 the span, for a W14x90
A 1Y
—~ =20.0l — | =0.035
A, 24
It should not be surprising that shear contribution for

a uniformly loaded beam is less than for a beam with
_.._a concentrated load at mid-span. (C, = 0.8C,)

* vields

y. Smarter. Stronger. Steel.

© Copyright 2019
American Institute of Steel Construction
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Summary

Developed the procedure for applying the principle of
virtual work.

Applied the principle of virtual work to axial, flexural,
and shear contributions to deflections and rotations.
Investigated the influence of combined stresses on
deflection.

Considered the impact of temperature change and
established an approach for inducing camber in
trusses.

Investigated the relationship between shear and

flexural deflection for simple steel beams.

/) Smarter. Stronger. Steel.

Lesson 4

* Moment Area and Elastic Weights

— Develop the direct integration approach for
calculating flexural deflections.

— Introduce the Moment Area theorems.

— Develop the method of elastic weights, better
known as the conjugate beam method.

"/ Smarter. Stronger. Steel.

Thank You

American Institute of Steel Construction
130 East Randolph, Suite 2000
Chicago, IL 60601

) Smarter. Stronger. Steel.

Individual Webinar Registrants

CEU/PDH Certificates
Within 2 business days...

¢ You will receive an email on how to report attendance from:
registration@aisc.org.

¢ Be on the lookout: Check your spam filter! Check your junk
folder!

¢ Completely fill out online form. Don’t forget to check the boxes
next to each attendee’s name!

./ Smarter. Stronger. Steel.

© Copyright 2019
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Individual Webinar Registrants

Classical Methods of Structural Analysis
Session 3: Deflections by Virtual Work

CEU/PDH Certificates
Within 2 business days...

¢ New reporting site (URL will be provided in the forthcoming
email).

* Username: Same as AISC website username.

* Password: Same as AISC website password.

/) Smarter. Stronger. Steel.

8-Session Registrants

CEU/PDH Certificates

One certificate will be issued at the conclusion of
all 8 sessions.

/) Smarter. Stronger. Steel.

8-Session Registrants

Access to the quiz: Information for accessing the quiz will be emailed to you by
Wednesday. It will contain a link to access the quiz. EMAIL COMES FROM
NIGHTSCHOOL@AISC.ORG

Quiz and Attendance records: Posted Tuesday mornings.
www.aisc.org/nightschool - click on Current Course Details.

Reasons for quiz:

*EEU — must take all quizzes and final to receive EEU

*CEUs/PDHS — If you watch a recorded session you must take quiz for CEUs/PDHs.

*REINFORCEMENT — Reinforce what you learned tonight. Get more out of the
course.

NOTE: If you attend the live presentation, you do not have to take the quizzes to
receive CEUs/PDHs.

) Smarter. Stronger. Steel.

8-Session Registrants

Access to the recording: Information for accessing the recording will
be emailed to you by this Wednesday. The recording will be available for
three weeks. For 8-session registrants only. EMAIL COMES FROM
NIGHTSCHOOL®@AISC.ORG.

CEUs/PDHS — If you watch a recorded session you must take AND
PASS the quiz for CEUs/PDHs.

./ Smarter. Stronger. Steel.
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June 24, 2019 Session 3: Deflections by Virtual Work
Night School Resources for 8-session Night School Resources for 8-session
package Registrants package Registrants

Go to www.aisc.org and sign in.

Find all your handouts, quizzes and quiz scores, AT
recording access, and attendance information all in
one place!

Login

USERNAME DON'T HAVE AN ACCOUNT?

PASSWORD

Smarter. Stronger. Steel. : S m

Night School Resources for 8-session
package Registrants

Go to www.aisc.org and sign in. . ) .
Please fill out our brief survey at the conclusion of

the webinar. We greatly appreciate your feedback.
MyAISC

MY PROFILE

MY PURCHASED DOWNLOADS

MY COURSE RESOURCES

View online resol

urces for Night School ad Live

VIEW RESOURCES

{f"“"\% i Smarter.
‘s .
AISC | Thank you @ Ss:;:..ger

© Copyright 2019
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