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20.4 Moment Areas and Elastic Weights

This presentation is protected by US and International Copyright July 8, 2019
laws. Reproduction, distribution, display and use of the 4 . ‘ S ' .
presentation without written permission of AISC is prohibited. This lesson will continue the discussion of deflection calculations and the

principles upon which the various available methods are based. It will include

discussion of direct integration, elastic weights, moment area, and conjugate
© The American Institute of Steel Construction 2019 beam. Slopes and deflections will be calculated at specific points on a beam

span and slope and moment diagrams will be sketched. The use of the conjugate
beam method for determining redundant moments will be introduced.
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Learning Objectives: Classical Methods of Structural
* Explain the direct integration method for determining AnaIYSIS
deflections. Session 4: Moment Areas and Elastic Weights
* Describe the moment area method for deflection calculations July 8, 2019
* Calculate slopes and deflections at specific points on a beam Louis F. Geschwindner, PE, PhD
span.

Professor Emeritus, Penn State University,
Former Vice President, AISC, and

Senior Consultant, Providence Engineering
State College, Pennsylvania

* Describe the conjugate beam method for determining
redundant moments.
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Classical Methods of Structural Analysis:
How we did it before computers

Night School 20
Lesson 4
Moment Area and Elastic Weights

Smarter. Stronger. Steel.

Lesson 4
Moment Area and Elastic Weights

— Develop “classical beam theory”

— Apply the double integration approach for calculating
flexural slopes and deflections.

— Extend the double integration method to the moment
area method for slope and deflection calculations.

— Introduce the method of elastic weights and extend it
to the better known and more useful conjugate beam
method.

— Consider how varying moment of inertia will influence
slope and deflection.

7 Smarter. Stronger. Steel. 10

Deflections by Work

* One issue with the Work methods discussed over the
last 2 lessons (Real Work and Virtual Work) is the
limitation that only one displacement or rotation can
be determined at a time.

* To determine the deflected shape, a unit virtual load
must be applied at a series of locations along the
member and the resulting deflections plotted.

* However, there are methods to directly determine the
deflected shape and rotations for the entire beam
which we will investigate in this lesson.

/ / Smarter. Stronger. Steel. "

Basic Beam Theory

* In Lesson 1 we used equilibrium to develop
the relationship between shear and moment
diagrams.

* To go further and calculate rotations and
deflections, we must look to other
considerations.

* The geometry of the bent beam and the
properties of the material will be needed.

/ / Smarter. Stronger. Steel. -
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Basic Beam Theory Basic Beam Theory

Now consider an elastic beam of any cross section.

* In Lesson 2 we accepted that we knew the
relationship between the stress on a cross
section and the moment at that section on a ] it
beam. |

Neutral axis —

My

f:v ] 1. Lines A"AA' and B"BB' will be
straight lines.

2. After the beam deflects, arcs A'B'
and AB will be very nearly circular
arcs. The arc lengths can be
determined as:

* We also accepted Hooke’s Law, the
relationship between stress and strain.

Ezi L,, =pdo6
) g Ly =(p+c)d®
/./ Smarter. Stronger. Steel. 1 "
Basic Beam Theory Basic Beam Theory
* Since before loading lines L ,; and L ;5 were By a similar process, the strain at any location,
the same length, the difference in length is the y, from the neutral axis can be determined as:
elongation at ¢'. Thus, —
Lyp—L,=(p+c)dO—pd6=c'd® o
* and the strain at ¢' produced by the loading is. « Combining the flexure formula and Hooke’s
. - Liy—Ly_c'dd_c Law, we can solve for the strain.
Ly pdo  p = E:L - 8,=ﬂ
€, 7 EI
\,s Smarter. Stronger. Steel. 15 1
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* Setting these two equations for strain equal

ields
Y y_ M
p i

and solving for the radius of curvature yields:

_E
M

,i Smarter. Stronger. Steel.
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Basic Beam Theory

* For a rectangular coordinate system, the
radius of curvature is given by

(1+(dy/dx)2)l’5
d*y/dx*

* For the majority of our problems, the slope of
the deflection curve, dy/dx, is very small and
when squared is negligible when compared to
unity.

,E Smarter. Stronger. Steel.

Basic Beam Theory

* Thus, a good approximation for the radius of
curvature with the numerator equal to 1.0 is

1

p:alzy/abc2

* Substituting this into the equation relating the
radius of curvature to the moment, i 1)
2
% =ﬂ which yields d—{ =M
d y/a’x M dx- EI

\,E Smarter. Stronger. Steel.
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Basic Beam Theory

* Jacob Bernoulli made the significant
discoveries that lead Leonhard Euler and
Daniel Bernoulli to first put together a useful
beam theory in about 1750. Thus, it is referred
to as the Euler-Bernoulli beam theory.

dy_M
dx> EI

* This is also known as “engineers beam theory”
or “classical beam theory.”

\.; Smarter. Stronger. Steel.
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Basic Beam Theory

* Although presented in the mid 1700’s, it was
not put to practical use on large structures
until the Eiffel Tower (1889) and the Ferris
Wheel (1893).

Basic Beam Theory

* Remember some of the major assumptions
that were made to get this far.
— A plane before bending remains a plane after
bending — confirmed through many experiments.
— Curvature of the deflected beam is a circular arc.
— There is no interaction between shear and
bending.

— Slope of the deflected beam is sufficiently small
that the square of the slope can be ignored when
compared with unity.

Smarter. Stronger. Steel.

Basic Beam Theory

* Sign Convention, x-y coordinate system.

For the given axis system:

1. The load, P, is negative

2. At any location x, the moment is positive.
3. The rate of change of slope is positive.

\,E Smarter. Stronger. Steel.
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Double Integration

* Simple beam with a concentrated load at mid-

span v L2 L2
1y
______________________ L X
For0<x<L/2
2
M =—x thus —i}:M"z—Px
x* EI 2FI
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Double Integration

* Integrating once we have

2
& L\
dx EI| 4

From symmetry we know that at x = L/2, the slope,
dyldx = 0. Thus, we can determine that

PI*
C =-—
16
Remember this equation
and dy 1| P P is only valid for
de EIl 4 16 0<x<L/2

Smarter. Stronger. Steel.

Double Integration

* Integrating a second time

1| P PLx
Y=l +G,
EI| 12 16

We know that at x = 0, the deflection, y = 0. Thus,
we can determine that

C, =0
Remember this equation
and 1| P Plx is only valid for
YTE| 12 16 0<x<L/2

Smarter. Stronger. Steel. -

Double Integration

* By inspection of the slope and deflection
equations, we know that the maximum slope
occurs at the support and the maximum

deflection at the mid-span.
L2 L2 |

Y

dy PI? Pr
Z_g,=- _ _
dx

\,E Smarter. Stronger. Steel.

Double Integration

* We are now in a position to determine the
slope and deflection at any point on the left
half of the beam span, and by symmetry, the
right half. At the quarter points, x = L/4

64 16

1 {sz_PLz}_ 1 {PLZ PLZ}__3PL2

W4 16 | EL G64E]

L[pPe pPex|_1 [P0 PC]_ 11PE
768 64

“IEN 12 16 | EI 768El

\.; Smarter. Stronger. Steel.
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Double Integration Double Integration
* Consider a simple beam with a uniform load * Integrating once
Y
I w @:L wsz_wx3+C
P — a m| a6
in 0 6 7?7 From symmetry we know that at x = L/2, the slope,
wLi2 dy/dx = 0. Thus we can determine that
o=k _wx C=-2r
=T 24
d’y M, 1 |wlx wx’ and d_y:L M_wf_w_[f
o E2CEl 2 2 d« EI| 4 6 24
Smarter. Stronger. Steel. Smarter. Stronger. Steel.
Double Integration Double Integration
* Integrating a second time * By inspection of the slope and deflection

equations, we know that the maximum slope
occurs at the support and the maximum

3 4 3
_ 1 {WLx wx wLx_l_Cz}

EI| 12 24 24
We know that at x = 0, the deflection, y = 0. Thus, deﬂeCt'O? at the mid-span.
we can determine that w
VIV VIV IV VIV IV VIV VY
C,=0 [rmmtasee oo onnozeee= o X
X ) (+)
and _1 wLx® B W_)c4 B wlx L2 T/\/LQ
YTE| 12 24 24 g WL A o WL
de ° 0 24E1 YT 0w T T 3gapr

\,: Smarter. Stronger. Steel. -
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Double Integration Double Integration
* We are now in a position to determine the * Consider a beam that is not symmetric.
slope and deflection at any point on the Y 2173 L3
. w
beam. At the quarter points, x = L/4 S YA B €
18 — Y
1 0<x<2L/3 2L/3<x<L
el we w1 jwl wL wL|_ lwL =5 .
TR 4 6 24| EI|l 64 384 24| 384EI < i N
_wLx Swl’ i v _LLX—SLLZ—W(X—ZL/:;)(X_zL/s)
T3 | BER 2
_L wLxs_wix"_wﬁx =L Lﬁ_ wL' _LLA =_57wL4 !
YCTEI| 12 24 24 | EI|768 6144 96 | 6144El @1 [wle swlx iﬂfi Wit _Swbx_we  wid_awlix,
el e 1z Ylia Em| 6 18 6 3 9 '
. Smarter. Stronger. Steel. ”
Double Integration Double Integration
S 2173 L3 S 2173 L3
Y w Y w
_swl A BIWAIIY € oS A BINANAAY €
18\ Y T8\ Y
e 0<x<2L/3 2L/3<x<L ol 0<x<2L/3 2L/3<x<L
V:Tf Lo V:TT Lo
ﬂzi{wsz_Sszx_Fq} idy_l[_vm}ersz_szerC}J yzi[wa_sWExZJrCZ} Ey:L{_wix"+wLx3_szx2+4wL3x+C4}
dc EIl 6 18 e EIL 6 2 2 EI| 18 36 OB 24 6 4 81
atx =0, dl=0 iatx=2L/3, (Zl) Z(Zl) atx=0, y=0 iatx:2L/3’ Niett = Vright
X i Jf Left X JRight _ i 2wl
therefore C] =0 and i therefore C3 =4;\/1L and therefore CZ =0 itherefore C4 =— Y
dl:L[WLxZ_SWsz} i@_i _Wi)f_'_WL)CZ_Wsz_'_4wL3 y:L|:WLx3_5WL2x2:| i 7i _Lf+WLx3_WL2x2+4WL3X_2WLA
dx EI| 6 18 Ve EIl 6 2 2 sl EI| 18 36 TE| T e T a 81 243
,: Smarter. Stronger. Steel. .: Smarter. Stronger. Steel. .
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Double Integration

YT 2L/3 L3
=WE A B, €
18 \J %

y=2=
3

>

WLF 0<x<2L/3 NZL/3SXSL>
L

At point B, x =2L/3

wi[2L
(QJ _ A [wLe swPx]_ 1
a), EIl 6 18 | E

_

9EI

dy _ 1| wlx® Swl’x
dx EI| 6 18

B

1| wix® Swl’x?
y _

TEIT18 36

N wi( 2] swe [E
U [wl swiet] 1 3 3
! 18 36 | E

_ !
243E1

./ Smarter. Stronger. Steel.

Double Integration

* Issues with the double integration approach

— When the moment equation is continuous over
the entire span
* Must evaluate 2 constants of integration

* Generally this evaluation is based on a slope and a
deflection boundary condition or two deflection
boundary conditions. Hopefully some of these at least
will be zero.

/) Smarter. Stronger. Steel.

Double Integration

* Issues with the double integration approach

— When there are discontinuities in load,
intermediate supports, or other discontinuities,
moment equations must be written for each
continuous segment.

* There will be two constants of integration for each
segment.

* In addition to boundary conditions there will be
continuity conditions required to evaluate these
constants. It becomes quite complex.

./ Smarter. Stronger. Steel.

Double Integration

* Issues with the double integration approach

— There are other methods, built on the principles
just discussed, that are often viewed as simpler
when applied to general loading and continuity
conditions.

— One such method is moment-area which we will
consider next.

y. Smarter. Stronger. Steel.
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Moment-Area

* The two propositions that make up the
moment-area method were introduced in
1873 by Charles Green.

* The method is based on the definition of the
differential rotation at a particular location
that was developed during our discussion of
flexural strain energy in Lesson 2.

do=50 = Mo gy

y EI

Smarter. Stronger. Steel.

Moment-Area

* Proposition 1: The difference in slope between
any two sections of a loaded flexural member
is equal to the area of the M/EI diagram
between these two sections.

dx
- D
A B¢

X

N |
S|

Assume that the entire beam is rigid except for the
segment over length dx

Smarter. Stronger. Steel.

Moment-Area

dx
[ d0 p My
4%3—? dA
“
* >

g,

We were just reminded that d6= =%dx. It is seen that this is

y
the area under the M/EI diagram over the length dx.

\,E Smarter. Stronger. Steel.

Moment-Area

* Since the entire beam is elastic, each
differential slice will contribute its own d0.

* Thus, to determine the difference in slope
between any two points, A and B, we simply
need to take the area of the M/EI diagram
between points A and B.

\.; Smarter. Stronger. Steel.
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Moment-Area

* Proposition 2: The tangential deviation of
point B on a loaded flexural member, from a
tangent to the deflection curve at point A, is
equal to the moment of the area of the M/EI

diagram between A and B about B.

dx
o M

EIA—L%) o dA=xd®

Moment-Area

* Again, since the entire beam is elastic, each
differential slice will contribute its own dA.

* Thus, to determine the tangential deviation of
point B from a tangent at A, we simply need to
take the moment of the area of the M/EI
diagram between points A and B about B.

Smarter. Stronger. Steel.

Moment-Area

Look again at this beam, considered previously with double integration.

Y 2L/3 w
=L A BIVIAIAY ©
BN - o X
ponL L'
3 T9El L
M=
3
J_1(_Swl wl 2L wl
__swi? * 2\ 18EI 18EI) 3 9EI
18E1
\vs Smarter. Stronger. Steel. (See slide 37)

Moment-Area

Y 2L/3

BIW Y ©

Ay X

3wl 8wl 1w

T 243EI 243EI  243El

\‘, Smarter. Stronger. Steel. (See slide 37)

2L
3

P S VRN (R g(gj{l}rl_swﬁ__wy LL(E][f
“wser| me 0 \UisEr) 3 N3 \2) (2 sEr U 1sEr)) 3 )

J
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Moment-Area Moment-Area

* Thoughts regarding the moment-area method

— Slope can only be determined with respect to the
slope at another point.

— Deflection can only be determined from the

* Thoughts regarding the moment-area method

— When there is no point with a known slope, a
reference slope must be determined.

i . - — Then all slopes and deflections can be determined
tangent at another point (tangential deviation). .
) i with respect to that now known slope.
— Method works best when there is a point of ) ] )
known slope (preferably zero). — Consider the simply supported beam with an off
— Sign convention may also be treated intuitively center onad.
within the context of a specific problem, knowing T l
the sense of the rotations and deflections. 7%7 J L X
iy L4, 3L/4 777177
Smarter. Stronger. Steel. 19 Smarter. Stronger. Steel.

Moment-Area Moment-Area
. . Determine the slope at point C
« Determine the slope, 0, and deflection, A, at peatp ﬂ »
. 1. The moment of the area between
the location of the load, C. A and B about B < A" A lC B
u EAVY
AA
20,="2
3. The area between A and C = 6
X
4.0.=0,-0] )

\,E Smarter. Stronger. Steel. \.; Smarter. Stronger. Steel.
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Moment-Area

Determine the deflection
at point C Y] lP

1. The moment of the area between

Classical Methods of Structural Analysis
Session 4: Moment Areas and Elastic Weights

Aand BaboutB=A}

2. The moment of the area between
Aand Cabout C=A}

3. The distance from C on the

undeformed beam to the slope
A

atA= ﬁ
4
AP
4.A, =7A—A§

/) Smarter. Stronger. Steel.

Moment-Area

* Additional thoughts regarding the moment-
area method.
— Once the reference slope has been determined, all
other slopes and deflections may be determined.
— Each problem will require some thought before
establishing a process toward solution.

— An organized approach will be established through
the use of the method of elastic weights, better
known as conjugate beam.

/) Smarter. Stronger. Steel.

Moment-Area

* Question to consider

— What are some of the drawbacks of the Moment
Area Method? (select all that apply.)

a. Slope at a point is always first determined with
respect to slope at another point

b. Deflection at a point is only measured directly from
slope at another point

c. It only applies to beams with a point of zero slope
It can not handle changes in moment of inertia

It only applies to beams with a point of zero
deflection

) Smarter. Stronger. Steel.

Polling Question

, Smarter. Stronger. Steel.

© Copyright 2019
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Elastic Weights

* The method of elastic weights was introduced in
1868 by Otto Mohr. It is simply another approach
to expressing the moment-area method.

* Principle of Elastic Weights: The slope and
deflection at any point on a simply supported
beam segment are given, respectively, by the
shear and moment that results from applying the
M/EI diagram as loading on an imaginary simply
supported beam of the same length as the given
beam.

,i Smarter. Stronger. Steel.

Elastic Weights

VUL oad=w

wL/2 wL/2

Fﬂ d2y=%=J’V‘dx='”wdx
% J.Eli.[_[de_.[“.wdx

D NI 3 Ul L

,E Smarter. Stronger. Steel.

Elastic Weights

* The analogy between the actual deflection line of
a beam and the fictitious moment curve derived
by loading the beam with the M/EI diagram
holds for a simple beam only.

* To extend the principle of elastic weights to any
beam, we must find a fictitious beam with
supports that result in an appropriate set of
boundary conditions, shears and moments on the
conjugate beam, analogous to the corresponding

slopes and deflections of the real beam.

\,E Smarter. Stronger. Steel.

Conjugate Beam

* The conjugate beam theory is primarily due to
Heinrich Miller-Breslau in 1885.

* Proposition 1: The slope at any section of a
loaded beam, relative to the original axis of the
beam, is equal to the shear in the conjugate beam
at the corresponding section.

* Proposition 2: The deflection at a given section of
a loaded beam, relative to its original position, is
equal to the bending moment at the

_ corresponding section of the conjugate beam.

\.; Smarter. Stronger. Steel.
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Conjugate Beam

* Given a beam and its M/EI diagram, find a
substitute beam of the same span which,
when loaded with the M/EI diagram, will
exhibit a moment curve that is numerically
equivalent to the deflection curve for the
actual beam.

Smarter. Stronger. Steel.
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Conjugate Beam

* The relationship between the real beam and

the conjugate beam.

— The conjugate beam is the same length as the real
beam.

— If there is slope on the real beam there must be
shear on the conjugate beam.

— If there is deflection on the real beam, there must
be moment on the conjugate beam.

Smarter. Stronger. Steel.

Conjugate Beam

Real Beam === Conjugate Beam

Roller Roller

Pin Pin

Fixed Free end

T

Free end

Internal support W

Fixed

T

Internal hinge  =——Omm—

Internal support W

© Copyright 2019
American Institute of Steel Construction

Determinate

Q
2
©
£
£
£
9]
2
@
©
<

Conjugate Beam

— .
Real Beam Conjugate Beam This case
corresponds
/79; % Q& % to Elastic
) Weights
-
©
a— c —E
— g —_—
9]
-
ﬁ 7} ﬁ
e
— —
F——r
e
3
17}
aﬁ c
2 %

\.; Smarter. Stronger. Steel.
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Ll

wL/2 wL/2

Pl N

P N

/) Smarter. Stronger. Steel.

Elastic Weights

Load=w

V. =dex

Mx:jl/xdx:“.wdx
ﬁ_% Jde .”.wdx

ax>  El
Ide

dy IEI_I EI _II
- HE,—H”""—H”W

j wdx

Classical Methods of Structural Analysis
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Conjugate Beam

* Determine the slopes and deflections at the
critical points on the real beam with the
loading shown and constant /. .

l40k llOk EI

”a 8 c D M
15 ft 15 ft 10 ft =
15 ft 15 ft | 10 ft
250 ft-k ‘ | | ‘
00 fio Conjugate Beam
Real Beam

/) Smarter. Stronger. Steel.

Conjugate Beam

* Determine slopes.

is0o
/J/FI\A
oy g 1T

lope diagram

) Smarter. Stronger. Steel.

A EI
/.
1750 B |1500 500 750 v o—g = —125
5 L E
15 ft 15 ft 10ft
—-1250
) VC = eC = —
j El
-750
0=0-2,, N}/-‘ VD:GDZ7
s i

© Copyright 2019
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Conjugate Beam

e For /=500 in.*

1750 (144
l‘“’k l“’k g, =170 _ 170044) 6 0174 rad
"EI 29,000(500)
™ Ao 125(144
15 ft 15 ft 10 0, = -125 (144) —0.00124 rad

EI 29,000(500)
_—1250  —1250(144)
100tk " EI 29,000(500)
_ 750 _ —750(144)

EI ~ 29,000(500)

250 ft-k
=-0.0124 rad

=-0.00745 rad

Smarter. Stronger. Steel.

17



AISC Night School
July 8, 2019

Classical Methods of Structural Analysis

Session 4: Moment Areas and Elastic Weights

* Determine deflections.

Conjugate Beam

xxxxx

Deflection diagram

/) Smarter. Stronger. Steel.

4500
EI
\T\/} § M,=A, =
'/

1750 1500 300} 750 _p 16875
E El oy Me=As= EI
15 ft 15 ft 10 ft M =A =O

C C
9167
% Mo =80 =75
9=0—>A/: ‘

Conjugate Beam

e For /=500 in.*

140 k llO k AA =0
" _-16,875 —16,875(1728) _ )
Tise e ﬁ’cmﬂ A 29,000(500) ~o2otn
250 ft-k Ac=0
9167(1728
S— b _967 :7( ) =1.09 in.
100 ft-K EI  29,000(500)

/) Smarter. Stronger. Steel.

Conjugate Beam

* Determine the maximum deflection.

) Smarter. Stronger. Steel.

4500
300 N 100 Point of zero shear on conjugate beam
El ?
Kk 1750 l()()x[x 300.1;)
1N —+ Zl-=|Z|=
o Er 30 \2) 15 2
] 1750 1500 500§ 750 x=14.49 ft
EI EI 2 EI
15ft 15t 10ft Maximum moment on conjugate beam
5 (14.49) (1449
x Mo =175 (14.49) 4 100 (14.49) |14.4<>I
EI 30e1 2 U3 )
i 300 (14.49)° (14,49\
7 TEE J
6=0-4,, A 16906
Deflection diagram ™ T El

600 ft-k w =2 k/ft l

C A [21] 8 ] c i
]ISOk % 8000
10k g

Conjugate Beam

* Find the slopes and deflections.
20k 2000

’
le—
le—
le—

1000
EI

20 ft 10 ft

2167]

EI

I

y. Smarter. Stronger. Steel.
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Conjugate Beam
|f]: 1000 in.4 1000
ﬂ EI
) b
2333(144) A B c -
0,00 =——————=0.0116 rad
29,000(1000) 00 ][
3E(21) 3500 2166
1167(144) 15t £l o
0 pgne = ———————=0.00579 rad s
29,000(1000) ﬂ”
2167(144
0, = _21e7(144) 0.0108 rad
29,000(1000) 1167 2167
EI EI
33,333(1728
s 33,333(1728) =1.99 in.
29,000(1000)
33,333
F EI
/./ Smarter. Stronger. Steel. .
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Conjugate Beam

* Consider a simple steel beam with a
concentrated load at mid-span and the
possibility of the middle half with a different
moment of inertia.

| L2 L2
‘ J {6 kip

I |
3kip |
e

Smarter. Stronger. Steel.

|
|
o

3 kip

8 111/

ol

L2 '

Conjugate Beam

15 ft 15 ft
Hék

]l 12 11 /
3k 3k

Real Beam
45
22.5 EI, 22.5

- 22.5 22.5 L
EI EI 7177

Conjugate Beam

\,E Smarter. Stronger. Steel.
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Conjugate Beam

* Determine the deflection at mid-span.
& ’-—»{ez.sft

.y T

El, El,
84.4 253
—t— —3.75 ft

El, EI 10ft

"
l

<[ 324,253 )45y B4 1) 185 05y B 5
El,  EI, El, EI, El,

_422 2954
‘mid-span EIl E[z

mid-span

\.E Smarter. Stronger. Steel.
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Conjugate Beam

* Consider how the end and middle segments of
this beam influence deflection based on the

equation just developed.
_422 2954

mid-span E]] E]z
* If I, = I,, what portion of the deflection is
attributed to the center section?

2954
Ao EI 2954
center =—""=0.875
Atotal @4_ 2954 3376
El EI

/) Smarter. Stronger. Steel.

Conjugate Beam

* Questions to consider.

— This beam deflects 2.0 in. when it has a uniform
moment of inertia of 100 in.*

* Is it possible to reduce the deflection to 1.5 in. by
increasing the moment of inertia of the end segments?

* The end segments combine to have the same length as
the mid-span segment. If you could only increase the
moment of inertia of the ends or the mid-span, which
would have the most impact on reducing the slope at
the end of the beam?

"/ Smarter. Stronger. Steel.

Polling Question

) Smarter. Stronger. Steel.

Polling Question

./ Smarter. Stronger. Steel.
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Conjugate Beam

* Although it may not always be the preferred
method, it is particularly useful when the
moment of inertia changes along the member.

* The conjugate beam method may also be used
to determine the redundant moments on an
indeterminate beam.

* Itis also very well suited for determining fixed
end moments which will be useful with
methods to be introduced later.

/) Smarter. Stronger. Steel.

Conjugate Beam

* Determine a general equation for the fixed
end moments on a beam with a concentrated

load as shown. Puh(i}

L \EI

Conjugate Beam

Note: the real beam is indeterminate so

5 the conjugate beam is unstable.

Real Beam

/) Smarter. Stronger. Steel.

Conjugate Beam

Pab

25 To determine the unknown end

moments, M, and My, apply
the equations of equilibrium.

D F,=0
> M, =0

Pab M, L ML
ZFy:OZ 4B T A

2E1  2FEI 2EI

Pab
MBA =T—M

AB

Conjugate Beam

S0, =0 {;’gj(m;bj

B M,L EJ_MML(LL
261 \3) 261 3

2a+h  Pab
2EI

Substituting for M, and rearranging

o-(E) ) ) B | )2

2EI 3 2EI \3 L “N2E )\ 3
Pab®

B = I2

y. Smarter. Stronger. Steel.
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Conjugate Beam

* Substitute M,z into M, equation and solve
for My,

Classical Methods of Structural Analysis
Session 4: Moment Areas and Elastic Weights

Summary

* Developed the basic beam theory that permitted the
use of double integration for slope and deflection
calculations

* Extended the basic beam theory to the moment area
method for determining slopes and deflections.

* Introduced the limited method of elastic weights.
* Developed the more useful conjugate beam method.

* Considered the influence of changing moment of
inertia on beam behavior.

* |llustrated fixed end moment determination by the
conjugate beam method.

"/ Smarter. Stronger. Steel.

a b
Mg, lP K My,
A L B N
Pab’ Pa’h
a = zz My, = Zz
Lesson 5

* |Indeterminate Structures and the General
Method

— Extend the conjugate beam method for use in
determining redundant moments on indeterminate
beams.

— Develop the method of consistent deformations (the
General Method).

— Analyze indeterminate structures by consistent
deformation including axial, flexural and shearing
deformations.

Thank You

American Institute of Steel Construction
130 East Randolph, Suite 2000
Chicago, IL 60601
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Individual Webinar Registrants
CEU/PDH Certificates

Within 2 business days...

Individual Webinar Registrants

CEU/PDH Certificates
Within 2 business days...

¢ You will receive an email on how to report attendance from:
registration@aisc.org.

¢ Be onthe lookout: Check your spam filter! Check your junk
folder!

¢ New reporting site (URL will be provided in the forthcoming
email).

¢ Username: Same as AISC website username.

* Password: Same as AISC website password.

e Completely fill out online form. Don’t forget to check the boxes
next to each attendee’s name!

/) Smarter. Stronger. Steel.

/) Smarter. Stronger. Steel.

8-Session Registrants
CEU/PDH Certificates

8-Session Registrants

Access to the quiz: Information for accessing the quiz will be emailed to you by

Wednesday. It will contain a link to access the quiz. EMAIL COMES FROM

NIGHTSCHOOL@AISC.ORG

One certificate will be issued at the conclusion of
all 8 sessions. Quiz and Attendance records: Posted Tuesday mornings.

www.aisc.org/nightschool - click on Current Course Details.

Reasons for quiz:

*EEU — must take all quizzes and final to receive EEU

*CEUs/PDHS - If you watch a recorded session you must take quiz for CEUs/PDHs.
*REINFORCEMENT — Reinforce what you learned tonight. Get more out of the
course.

NOTE: If you attend the live presentation, you do not have to take the quizzes to
receive CEUs/PDHs.

/) Smarter. Stronger. Steel. /) Smarter. Stronger. Steel.
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8-Session Registrants Night School Resources for 8-session
package Registrants

Access to the recording: Information for accessing the recording will
be emailed to you by this Wednesday. The recording will be available for
three weeks. For 8-session registrants only. EMAIL COMES FROM
NIGHTSCHOOL@AISC.ORG. Find all your handouts, quizzes and quiz scores,
recording access, and attendance information all in

|
CEUs/PDHS - If you watch a recorded session you must take AND one place'

PASS the quiz for CEUs/PDHs.

/) Smarter. Stronger. Steel. /) Smarter. Stronger. Steel.

Night School Resources for 8-session Night School Resources for 8-session
package Registrants package Registrants
Go to www.aisc.org and sign in. Go to www.aisc.org and sign in.

MyAISC

MY PROFILE

Update your contact and address information.
EDIT PROFILE

MY PURCHASED DOWNLOADS

Access articles and documents that you have pur

VIEW DOWNLOADS

MY COURSE RESOURCES

Login

USERNAME DON'T HAVE AN ACCOUNT?

View online resources for Night School a}d Live Webinar package registrations,

VIEW RESOURCES

PASSWORD

© Copyright 2019
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Please fill out our brief survey at the conclusion of
the webinar. We greatly appreciate your feedback.

i : Stronger.

AISC | Thank you 252 | Steel.
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