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Session Description
20.6 Indeterminate Structures by Slope Deflection
July 22, 2019

This lesson will continue the analysis of indeterminate structures. Analysis of
indeterminate structures by the slope-deflection method will be developed
using the principles previously developed for deflection calculations. Sidesway
and non-sidesway will be presented and discussed. Approaches for modeling
structures will be illustrated, including continuous beams and multi-story sway-
and nonsway-frames.

./ Smarter. Stronger. Steel.
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Learning Objectives:

* Explain the analysis of indeterminate structures.

* Develop the slope-deflection method for analysis of
indeterminate structures.

* Analyze continuous beams using the slope deflection method.
* Describe how to apply the method to frames exhibiting sway.

* Compare the slope deflection method to the modern stiffness
method.

/) Smarter. Stronger. Steel.
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Classical Methods of Structural Analysis:
How we did it before computers

Night School 20
Lesson 6

Indeterminate Structures by Slope
Deflection

- /) Smarter. Stronger. Steel.

Lesson 6
Indeterminate Structures by Slope Deflection

— Develop the absolute stiffness and carry-over factor
for flexural members.

— Derive the method of slope deflection.
— Consider additional equations for fixed end moments.

— Analyze continuous beams using the slope deflection
method.

— Consider support settlements.
— Apply the method to frames exhibiting sway.

— Determine the effect of temperature change on a
beam.

— Compare the slope deflection method to the modern
stiffness method.

B,/ Smarter. Stronger. Steel. 10
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Slope Deflection

* A method presented in 1880 by Heinrich
Manderla for the solution of secondary
stresses in articulated structures was
somewhat similar to slope deflection and may
have lead to its development.

* In 1892, Otto Mohr presented an improved
method which is what is now called slope
deflection.

- /) Smarter. Stronger. Steel.

11

Slope Deflection

* Axel Bendixen published a book in 1914 that
presented the method in greater detail.

* Then, a year later, in 1915 the person
generally given credit for the method, G. A.
Maney, published his development of the
method.

4 /) Smarter. Stronger. Steel. 1
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Slope Deflection

* Advantages of slope deflection:

“Most computers will find the formulation of the
equations by this process (slope deflection) much
simpler than that required for elastic equations
(general method)” Parcel and Moorman, Analysis of
Statically Indeterminate Structures, 1955.

1. Reduced number of equations.

2. Easy equations to set up.

3. Good for simple frames with lots of fixed joints.

The computers referenced here were
5 people, not machines. Remember the
./ Smarter. Stronger. Steel. movie, Hidden Figures. 13

Slope Deflection

» Before the actual slope deflection method can
be developed, two properties of flexural
members will need to be developed.

— Absolute stiffness: The moment required to

produce a unit rotation at the simply supported
end of a beam when the other end is fixed.

— Carry-over factor: The relationship between the

moment applied to the simply supported end of
the beam and the resisting moment developed at

the other end.

./ Smarter. Stronger. Steel. 14
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Slope Deflection

* Sign convention

Clockwise moment on the end of the member is positive.
Clockwise rotation of a joint is positive.

/) Smarter. Stronger. Steel. 1

Slope Deflection

* Absolute stiffness and Carry-over factor
MBA

gm

BA

El

16
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Slope Deflection

* Absolute stiffness and Carry-over factor

M AB
4B 2E]
EI

A

/'7? M,,L
eA - VA =1 21

Sum of the M,L(LY My,L(2L 0
moments about A 2EI \ 3 rr | 3 -
Sum of the vertical forces M L — My, L =1

2EI  2EI

/) Smarter. Stronger. Steel.

17

Slope Deflection

e Solve for the moments

From the first MABL £ _ MBAL 2_L =0
equation 2EI \ 3 2EI \ 3
M
->M,, = 2AB

From the second

M, L _(MABJ L

equation 2E] 2 )2EI
AE]
~Me=T

/) Smarter. Stronger. Steel.

18
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Slope Deflection

* By definition, the absolute stiffness of the
beam, K 5, is

* The carry-over factor, C, is

MAB
2

My, =CpuM =

1
Cs :5

/) Smarter. Stronger. Steel. 19

Slope Deflection

* Develop the method by looking at the impact
of load, deflection, and rotation on a bending

member. In its final configuration, we have
eA

Load
MAB(V l
T,_4
P71

All variables shown positive.
./ Smarter. Stronger. Steel.

20
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Slope Deflection

1. Consider the unloaded and unrestrained
member rotated through p.

[ _A
A =T A

/) Smarter. Stronger. Steel.

21

Slope Deflection

2. Fix end B in this position and rotate end A
back, through p, so the member is horizontal
at A. P

K.sP c / _ B
Q CABKABp

./ Smarter. Stronger. Steel. -
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Slope Deflection

3. Fix the member at A and rotate end B
through p so that the member is horizontal at
B.

CpuKpip ( -

/) Smarter. Stronger. Steel. 23

Slope Deflection

4. Fix end B and rotate end A though 0,

(’Z _________ :
E) CABKABeA

./ Smarter. Stronger. Steel. -

American Institute of Steel Construction
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Slope Deflection

5. Fix end A and rotate end B through 0,

CBAKBAGB ( = —

25

Slope Deflection

6. Fix both ends and apply the load.

eA Load

||
//
1
1
//
!
!
1
!
—
;o
/ I
=1
D
P w

. FEM,,

./ Smarter. Stronger. Steel. 2%
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Slope Deflection

7. Add the moments for each step at A and at B.
MAB = _KABp_CBAKBAp+KABeA +CBAKBA6B +FEMAB

A@A:_CwKwp_Kﬂp+CwKﬁﬁA+KﬁﬁB+FEMM
0

4 Load
(1
~ i :

L BA

Fa=>)

/) Smarter. Stronger. Steel.

27

Slope Deflection

8. To generalize, replace the subscripts with N for the end
where the moment is being determined (near) and F for the
other end (far).

M,=-K,p-C.K,p+K,0,+C.K,0,+FEM,
M,=-C.K.p—K,p+C,K.0,+K .0, +FEM,

9, Load
O A
~ - /p:z 0,

./ Smarter. Stronger. Steel. 28
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Slope Deflection

* As can be seen, the equations are the same,
reorganize and write as a single slope
deflection equation.

M, :KNGN+CFKF9F—(KN+CFKF)p+FEMN

* For a prismatic member, considering symmetry, as we saw
earlier when we derived absolute stiffness and carry-over
factor. (slide 19)

4EI 1
N F L N F 2

/) Smarter. Stronger. Steel.

29

Slope Deflection

» Substitute for stiffness and carry-over factor
and simplify

4FE] 2FE1 6El
MN =Y6N +Y9F —Tp-i-FEMN

This is the slope deflection equation for the
moment on the end of a prismatic flexural
member.

/7 Smarter. Stronger. Steel.

30
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Slope Deflection

* Lesson 4 illustrated the use of the conjugate
beam method for determining fixed end

moments. a b
P 2
Pab’ Pa’b
My =—— C My, =+7
L A L B
Pab’ Pa’b
a = I My, = Ve

31

Slope Deflection

* The same approach is quite useful for
determining fixed end moments for other
loadings.

w
MAB:_WC ARTR22TRRTTRLT S Y
12 A L B 12

_wL

24

M,

My, =

32

American Institute of Steel Construction
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Slope Deflection

* Triangular loading

/W
L l 2
MAB=_W MBA:+£
30 A L B 20
wi’ wi’
M= My, =—

30 20

/) Smarter. Stronger. Steel.

33

Slope Deflection

Consider the positive shears that correspond to
the final positive end moments.

34

American Institute of Steel Construction 17
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Slope Deflection

* Using the slope deflection method, determine
the member end moments and plot the final
moment diagram.

20k

k/ft
l
@Wl{ﬁ]““ﬁgs | CIE)

M, cB
Vs Vil || Vsc Ves
| 206 Yion | on
| I | |
/) Smarter. Stronger. Steel. 35

Slope Deflection

* If we were solving this beam by consistent
deformations, there would be 4 redundants to
remove. Thus, 4 simultaneous equations to

solve. ok
@wmmm | »)
21 I C
21 TS
VAB VBA VBC VCB
| 201 Yion ‘ 0f |
| | |
.§ Smarter. Stronger. Steel. 36
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Slope Deflection

* With slope deflection, we are concerned with
rotation of the members and rotation of the
joints. Here, we only have one unknown
rotation, 0.

PUB o 20k
@uuumm | k )
VAB VBA VBC ’ VCB

| 20n Yiow | on |
| | ] |

9A=9C=0 Pz =P =0

CB

/) Smarter. Stronger. Steel. 37

Slope Deflection

w=2 k/ft 20k
@Miumm | S
A [21] &8 (1] c
M, I MCB
VAB VBA VBC VCB
|7 208 Vion | on”)
| | | |
Fixed end moments
2 : 20(2
FEM ,, - v :—2(20) =-66.7 ft-kips FEM . _ L 0(20) =-50.0 ft-kips
12 12 8 8
2 2(20) PL  20(20 _
FEM,, :%: (1;)) =66.7 ft-kips FEM ., =5 " (8 )=50.0 ft-kips

38

American Institute of Steel Construction
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Slope Deflection

M =g 2Ly 6? p+FEM,

2E(21)
My == =6,-667

4E(21)
M, = 20 0, +66.7

4E(I)
MBC :2—063 —500

2E(I)
Moy == 0, +50.0

/) Smarter. Stronger. Steel. 39

Slope Deflection

* The only unknown rotation is 6. In order to
determine this rotation, an equilibrium

equation “parallel to” or “consistent with” this
unknown must be found.

* In this instance, the equilibrium equation is
sum of the moments at B must be equal to
zero.

Y M, =0=M, +M,

/7 Smarter. Stronger. Steel.

40
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Slope Deflection
Equilibrium at joint B

ekt My My lzok

Cruiiliin S 1y

MAB lVAB AI lVBC V I CB
| 208 | ‘ 10 ft ‘ 0f |
| £ |
MBA MBC

Note that positive moment
C on the joint is
counterclockwise
i Ry =V = Ve

41

Slope Deflection

* Substituting the member end moment
equations yields (slide 39)

4E(21) 4E (1)
My + My =| =220, +66.7 |+| — =20, -50.0| =0

* This equilibrium equation can be solved for

12E(1)
20
EI8, =-27.8

0,=-16.7

/7 Smarter. Stronger. Steel.

42
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/) Smarter. Stronger. Steel.

Slope Deflection

* Substitute for £10; and determine the
member end moments. (siide 39)

2E(21) 4(-27.8)
=20, -66.7=——— 2 _66.7=-72.3
20
4E(21) 8(-27.8)
My == 220, 4667 =—— = +66.7=+55.6
4E(1 4(-27.8
M, =Jeg _500=2278) 5002556
20 20
2E(1 2(-27.8
M, = LeB +50.0=2278) L 50024472
20 20

43

Slope Deflection

1042 ft |

/7 Smarter. Stronger. Steel.

* Solution
72.3 ft-kips w=2 kg 000 ft-kips 20k 47.2 ft-kips
C A (2] 11 c )
20.84 kips] 29.58 ki B ] 9.58 kips
o | o ¥ oron ‘ 0f |
| | | |
36.0 ft-kips |: 48.6 ft-kjps
47.2 ft-kips
72.3 ft-kips

55.6 ft-kips

Location of zero shear and maximum moment
44

American Institute of Steel Construction
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Slope Deflection

* Some thoughts on slope deflection.

— We do not need the actual stiffness of the
members to determine member end moments,
only the relative stiffness.

— With relative stiffness, we are able to determine
the direction of the unknown rotations but not
the magnitude.

— The sign convention used is clockwise on the end
of the member is positive.

- /) Smarter. Stronger. Steel.

45

Slope Deflection

* Determine the rotation in radians at joint B.

— From solution of the equilibrium equation we

have
EI6, =-27.8

— But what are the units? Note that from our
member end moment equation we used fixed end
moments with units of ft-kips.

4E (1)
MBC :2—093 —500

B,/ Smarter. Stronger. Steel. 6

American Institute of Steel Construction
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Slope Deflection

* For units to be consistent the other terms
must also be in ft-kips. Thus EI6, must be in
units of ft2-kips so that when we divide by
span in feet, as we did, the term has units of
ft-kips.

* If member BCisa W16x31, /=375 in.* Thus,

EI6, =-27.8 ft’-kips

 -27.8(144)

= =—0.000368 rad
29,000(375)

EY./ Smarter. Stronger. Steel. .

Slope Deflection

* Some questions to consider.

— What would happen to the magnitude of the
rotation at B if the moment of inertia of member
AB were made the same as member BC?

— How would you expect the moment at B to
respond?

— How would you expect the moment at C to
respond?

B,/ Smarter. Stronger. Steel. a8

American Institute of Steel Construction
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Polling Question

/) Smarter. Stronger. Steel.

49

Polling Question

/7 Smarter. Stronger. Steel. s
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Polling Question

/) Smarter. Stronger. Steel.

51

Slope Deflection

* Consider a prismatic beam where the support
at the end is a pin.

M BA M BC
Cr————)
M AB A ! J ! < & M CB
VAB VB/W VBC VCB
NG [

52

American Institute of Steel Construction
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Slope Deflection

* For member BC, write the slope deflection
equations assuming that the member may
rotate.

Mgy .= 0, + 0. — p+FEM,.

M., = 0.+ 0, - 7 p+FEM .,

/) Smarter. Stronger. Steel. -

Slope Deflection

* Since we already know that M; = 0, we can
use that equation to eliminate an unknown.

4E1 2EI 6E]

M., = . 0.+ . 0, - . p+FEM_, =0
El 2EI 6Ll |1
R R

/7 Smarter. Stronger. Steel.

54

American Institute of Steel Construction
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Slope Deflection

* If we substitute this into the equation for the
moment M, we will be able to eliminate 0,
from our unknowns.

4FET 2FEI 6EI 1 6EI
MBC :TGB +2|:_FEMCB —TGB +Tpi|(4j—TP+FEMBC

* Which simplifies to
3EI,  3EI

MBC :—eB _Tp+|:FEMBC -

FEM }
L

2

/) Smarter. Stronger. Steel.

55

Slope Deflection

* In the N (near) and F (far) format this
becomes

3EI 3EI
MN :TGN —Tp+|:FEMN -

FEM }

./ Smarter. Stronger. Steel. s

American Institute of Steel Construction
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Slope Deflection

* The simplest case that this may be applied to
is the propped cantilever.

> 2.4(30)
= 2.4 k/ft FEM ,, =—%=— f2 ) __is0 ft-kips
SRRy Wl 24(30) ,
N | FEM,, =—= =180 ft-kips
v A B 12 12
AB .
| ] Since we know that 0, =p=0,
30 ft
3EI 3EI FEM
| wspkps M, =20, ————p+| FEM ,, ———54
H L L
270 ft-kips
= {—180 —(%ﬂ =-270 ft-kips

57

Slope Deflection

* For the W21x83 two span beam shown, what
would the moment be if the support at B were
to settle 1.0 in.?

Mg, My
(3
LA 1 J 1 Cdy M

M 4 Ve CB

\ 20 ft 20 ft I

./ Smarter. Stronger. Steel. sg
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Slope Deflection

e Settlement of joint B

BA MBC
S B A )
Yo TN T gy,

AB
20 ft VBAI IVBC 20 ft chl
| | |

CB

A 10
=—= =0.00417 rad
Puw=T 20(12)
A 1.0
=== =-0.00417 rad
Poc =T 20(12)

59

Slope Deflection

* Member end moment equations

2EI 6E]

MAB :TGB —7(000417)
4EI 6E]

MBA =TOB —7(000417)
3EI 3EI

MBC :TeB—T(—OOO417)

/7 Smarter. Stronger. Steel.

60
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Slope Deflection

EI has units of k-in.2 so need to

° SU bStltUtlng for EI divide by 144 to convert to ft2

6(29,000)(1830 This i tiall
OEL (g 00417) = 2220000 (1830) 00417y 61 frokips s
L 20(144) for settlement.
2EI 6EI 2EI
M, =—0,——(0.00417)=——6, —461
AB L B L ( ) L B
4E1 6EI 4E1
M,, ZTGB —7(0.00417)=TGB —461
3EI 3EI 3EI
M, =—806,———(-0.00417)=——6,+231
BC L B L ( ) L B

/) Smarter. Stronger. Steel. 61

Slope Deflection

* Sum moments about joint B
dMy=M, +M,;. =0

[EGB —461}+[ﬂ63 +231}=0
L L

%93 =230
%93 =32.9

/7 Smarter. Stronger. Steel.

62
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Slope Deflection

* Substituting, determine the member end

moments.
M, =%eﬁ —461=2(32.9)— 461 =395 ft-kips
M, = %93 —461=4(32.9)— 461 =-329 ft-kips
M, =3%eg +231=3(32.9)+231 =330 ft-kips
330 ft-k L
S| ~—— 0,=32.9
b = e
20) (144
395 ft-k bk =329 29,000(1830)

r‘ =1.79x10" rad

63

Slope Deflection

* Next consider a frame with an unknown

amount of side sway. (Which way does it sway?)

P=18k | a,, Sidesway is shown to the right. This
135 ft Bast . .
B | produces a positive member rotation

—F ——— for both members AB and CD.

A C
Considering flexural deformations only
» i e and small angle theory,
d Ap=A7An,=A
Pus =Pcp =P = a
AB CD 22
Also,
0,=0,=0

64

American Institute of Steel Construction

32



AISC Night School

July 22, 2019

Classical Methods of Structural Analysis
Session 6: Indeterminate Structures by Slope Deflection

Slope Deflection

* Next consider a frame with an unknown
amount of side sway.

Only member BC will have fixed end

P=18k | a,
13.5 ft Pasit feo moments.
_B !
a ¢ 18(13.5)(4.5)"
FEM o =———5——=-152ft-k
(18.0)
Hp . HD(-D ,
E ” 18(4.5)(13.5)
R FEM , =+——————=+45.6 ft-k
(18.0)
A D
- b
,= Smarter. Stronger. Steel. .

Slope Deflection

 Member end moments ,, _2Ey _O6EI
AB B

22 22 P
_4El 3 6E]
| BT 5y VT Ty p
__ B ¥ T 4EI | 2EI
El C MBC:FGB—'_FGC_IS'z
4E] 2E]
pr <“’pm MCB ZFGC'FFGB +456
_4E]l 3 6El
DTy YT Ty p
_2EI 3 6El
pc = 5y Ve T Ty p

M

22.0 ft

M

M

66

American Institute of Steel Construction
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Slope Deflection

e Equilibrium Equations at B and C

D My=My +M, =0
_4El 0, 6E1p+4E1 0, + 2EI 6,152
22 22 18 18
=0.404E710, +0.111E10,.—0.273EIp—152=0
Y Mo =My +Mg, =0
AEI ,  2EI 6EI

AE]
=—80,+——0,+45.6+—0, ———
18 ¢ 18 °* 2 < ;»P

=0.111£16, +0.404E16,. —0.273EIp+45.6=0

2 equations, 3 unknowns

/) Smarter. Stronger. Steel. 6

Slope Deflection

* A third equilibrium equation is required. The
first two were associated with the unknown
rotations at B and C. The third must be
associated with the unknown sway of the
frame.

* To develop this equation, we will look at
horizontal equilibrium of the frame.

./ Smarter. Stronger. Steel. o8
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Slope Deflection

Horizontal equilibrium. VY
H =48 BA
4 22
MBA MCD
—x 8 — Cm_ MCD+MDC
H==
£ All shown in _
E + direction HA +HD =0

! A H

v, D™

A

D H
% nd

MDC

Take moments about B and C

/) Smarter. Stronger. Steel.

D

M+ My, +MCD+MDC —
22 22

0

Mp+Mpy +M ,+M,.=0

69

Slope Deflection

Horizontal equilibrium.

YN

B

22.0ft

A H

M,

C

D H

XD~

A

D

Mg p+My, +M ,+M,.=0

[ 2EI 6E1 }_[4EI _6E1 }

|22 % 22
__4EI _6ﬂp:|+|:2ﬂ _6ﬂp:|—0
|22 ¢ 22 2 ¢ 2

0.273E16,+0.273E16,. —1.09EIp =0

70
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Slope Deflection

* The resulting three simultaneous equilibrium
equations are:

0.404E716,+0.111E16,. —-0.273EIp =15.2
0.111E16,+0.404E16,.—0.273EIp =—45.6
0.273E16,+0.273E16.—1.09EIp=0
* The solution:

EI0,=63.6 EIf.=-144. Elp=-20.1

/) Smarter. Stronger. Steel.

71

Slope Deflection

* The resulting three simultaneous equilibrium
equations are:

0.404E16,
0.111

* The solution:
EI9, =63.6 EIGC =—144. FElp=-20.1

Note the symmetry, if you multiply the last
equation by -1. We have seen this before.

/) Smarter. Stronger. Steel. 7
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Slope Deflection

e Substituting back into the member end

moment equations yields My =410
2EI 6El
M, ,="""0,——p=113
AB 22 B 22 p
AEI 6EIl
MBA:EOK—Epzﬂ.O V=170
AEI . 2EI 5 Me=207
M, =—0,+—80,.-152=-17.1
R T IR T I é\
4AE] 2E]
M, =—0,.+"=-0,+45.6=20.7
CB 18 C 18 B
AEI 6EIl
M, =—8,——p=-20.7
CD 22 C 22 p
MDC=%6C—%p=—7.61 A >
H M4=11.377” 7 M, =761
»/ Smarter. Stronger. Steel. Moment plotted on compression side 73

Slope Deflection

* Deflected shape for a W14x22

o 636 _ 63.6(144)

_836_ =0.00159 rad
"TEI 29,000(199) ra A"‘ '_
144.(144 =
ec,:,%:,#}oioow) rad N\ TerL=x"d] /
EI  29,000(199) eBI/ 0c
_ 220.1(144
p:ﬂzi():_o_ooosol [ |
EI~ 29,000(199) \ |
\ |
\
A D
r v

74
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Slope Deflection

* Consider a beam experiencing a temperature

gradient from top to bottom.
T

top

| = ld A
ﬁ T;mftom m
For a temperature gradient, defined by the

temperature difference, AT =T7,,,, —T,,, the
fixed end moments can be shown to be

FEM,, = EIZAT and for steel,
0.=6.5x10"° per degree F
FEM,, = EIOAT p g
/) Smarter. Stronger. Steel. 75

Slope Deflection

* For the W21x83 two span beam considered
earlier, what would the moment be if the
temperature on the top were 20 °F and on the

bottom 70 °F?

My, M,
Ci i %
A I 1
M, v . 77777'V V77777'
| 20 BA]‘[ B¢ 01t CBI
| | |
AT = Emttom - Y;Op =50°F
,: Smarter. Stronger. Steel. 76
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Slope Deflection

b leed end moments Note that beam length has no influence on FEM.
EIOGAT 29,000(1830)(0.0000065)(50)

FEM ,, = FEM ;. = =—67.2 ft-ki
o e d 21.4(12) Pe
FEM, = FEM,, = EIOAT _ 29,000(1830)(0.0000065)(50) _ . » feekips
d 21.4(12)
* End moment equations 2E]

My ==0,-67.2

M,, =%93 +67.2

3E] +67.2
MBC:TGB+(_67’2_ 2 j

77

/) Smarter. Stronger. Steel.

Slope Deflection

e Summation of moments at B

4EI

MBA+MBC:TGB+67.2+%93+(—67.2— =O

+67 .2)

_IE g _336-0
L

e Solve for the unknown

78
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Slope Deflection

* Determine the end moments

M, = %93 ~67.2=2(4.8)—67.2=-57.6 ft-kips

M,, = %eg +67.2=4(4.8)+67.2=86.4 ft-kips
M. = %93 +[—67.2— +627'2j =3(4.8)-101=-86.6 ft-kips
57.6 ft-k 86.6 ft-k
L
l 0,=48—
EI

(20)(144)
" 29,000(1830)
=0.260x10" rad

,= Smarter. Stronger. Stee|. Moment diagram just due to the end moments, not

considering internal temperature change effect. 7

Slope Deflection

* Determine the unknown joint rotations, 6, and
member rotations, p, for the frame shown.

2% 6,=0,=60,.=0
B ¢ 13ft 0,,6.,9,, and 8, are unknowns
P | =10k
13 ft
F — Vv

80
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A

H 13 ft

/) Smarter. Stronger. S

teel.

A, A
20 k
—_— —_—5
B C
D
A, E
A G F
Vg Ve
‘ 20 ft | 20 ft
I 'I |

Slope Deflection

* Determine the unknown joint rotations, 0, and
member rotations, p, for the frame shown.

0,=0,=6,=0

0,,6.,0,, and 0, are unknowns

== 10 k A to the right is positive, to the
13 ft left is negative.

— Define

81

Slope Deflection

* Determine the unknown joint rotations, 6, and
member rotations, p, for the frame shown.

A1 A1
20k H H Al
-B_ T - Pas =5 =P
A 26
13 ft
D H A=A,
A - 4= 10k Py = 3 =2p,—p,
13 ft
A G F _ﬁ_
o — — Pep 13 =P,
‘ 20 ft J 20 ft
[ gl )
Per _E:pz

82
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Slope Deflection

* Joint equilibrium equations
ZMB=0=M3A+MBC
ZMC=O=MCB+MCD
ZMD:O:MDC+MDE+MDG
ZME:O:MED+MEF

* This would permit determination of 4

unknowns (the 4 0’s) but we have 2 more
unknowns, A; and A,.

Dy
2
g

Smarter. Stronger. Steel. 3

Slope Deflection

* Horizontal equilibrium equations

A, A, H,+H,.+20=0
e .
B - A A, A,
13 ft 20 k
: . w1
<4=I= 10k B C
A E
13 ft
%, A H.G H, F —
ity oy — Hpe P
] 20 ft J 20 ft
[ gl | HA A
——

84
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Slope Deflection

* Horizontal equilibrium equations

H, +H,—H,.—10=0

Hpe }‘Aq
=== 10k E 10k
D 4=
A,
G H, F
Hg

85

Slope Deflection

* Relative stiffness: Since E and I are constants
and we do not actually need to know the
values of E and [ to determine moments, we
can introduce the relative stiffness.

El ,
K, =—=K
AB 26
El ,
K, =K, =—=13K
BC DE 20
El ,
Keop=Kpe =K =—=2K
13
,: Smarter. Stronger. Steel. s6
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Slope Deflection

* Member end moments

M, =2K'8,—6K’p,

M,, =4K'8, -6K'p,

M, =4(13K’)6, +2(1.3K")6,

4(13K7)8. +2(1.3K’)6,
4(2K')9C+2(2K')9 —6( K')(Zpl—pz)
4(2K")60, +2(2K")0,. - 6(2K")(2p, —p,)

M
M,
My

/) Smarter. Stronger. Steel. &7

Slope Deflection

e Member end moments

i

=4(2K)8, -6(2K")p,
2K")8, —6(2K")p,
3K’)6, +2(1.3K’)6,
3K)6, +2(1.3K")6,
2K")6,-6(2K")p,
2K")6, —6(2K")p,

Q
)

=]

S

Il Il
/\A/\/\/—\A

_ -

g

S XX KK
l\)-b-lllk-hl\)

=

/7 Smarter. Stronger. Steel.
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Slope Deflection

* Joint equilibrium equations

D My=0=M,,+M, =4K'8,—6K'p, +4(1.3K")0, +2(1.3K") 6,
D Mo=0=Mq+M.,=4(13K")0.+2(1.3K')0, +4(2K")6, +2(2K')6,
—6(2K")(2p, -p,)
D M,=0=M,.+M, +M,; =4(2K")0,+2(2K")6,
—6(2K")(2p, —p,)+4(1.3K") 0, +2(1.3K")0, +4(2K")0, —6(2K")p,
DM, =0=M,,+M, =4(13K")0,+2(1.3K")0, +4(2K')0, - 6(2K")p,

/) Smarter. Stronger. Steel. 89

Slope Deflection

* Horizontal equilibrium

H,+H,—H,.—-10=0

Mg+ My +MFE + My _MDC+MCD _
13 13 13

M +M . +M+M, . —M, . —M_., =130

10=0

/7 Smarter. Stronger. Steel. %
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Slope Deflection

* Substitute for the moments
Mo +M o +Mp+Mp =M, —M., =130
4(2K°)8, —6(2K")p, +2(2K")8, —6(2K")p,
+4(2K°)8, —6(2K")p, +2(2K")8, —6(2K")p,
—4(2K")0.—2(2K")6, +6(2K")(2p, —p,)
—4(2K")0, —2(2K")0,.+6(2K")(2p, —p,) =130

| -12K'8. +12K'0, +48K'p, ~T2K'p, =130 |

/) Smarter. Stronger. Steel. 0

Slope Deflection

* Horizontal equilibrium

H,+H,.+20=0

MAB+MBA +MDC+MCD
26

M +M,, +2M,.+2M ., =-520

+20=0

./ Smarter. Stronger. Steel. 0
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Slope Deflection

e Substitute for the moments

M +My,+2M . +2M,, =—520

2K'0,—6K’p,+4K'0, —6K'p,
+2[4(2K’)6C +2(2K")8, —6(2K")(2p, —pz)]

+2[4(2K7)6, +2(2K")0,. —6(2K")(2p, —p, ) | =—520

6K’0, +24K’0, +24K’0, —108K"p, +48K’p, =520

/) Smarter. Stronger. Steel.

93

Slope Deflection

* Resulting 6 simultaneous equations

9.2K'0, +2.6K'0, —6K'p,
2.6K'0, +132K'6. +4K'6, —24K’p,  +12K'p,
+4K'0,  +212K'0, +2.6K'0, —24K’p,
+2.6K'0, +13.2K'0, ~12K'p,
6K'0, +24K'6.  +24K'6, ~108K’p, +48K'p,
~12K6,. +12K'0,  +48K’p, -T2K’p,

/7 Smarter. Stronger. Steel.

= el o=}

=520
130

9
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Slope Deflection

* Question to consider

— How does symmetry play a role in our solutions?

* Only for a symmetric structure will the equilibrium
equations be symmetric.

* The equilibrium equations will always automatically
come out symmetric.

* The equilibrium equations can always be made
symmetric.

* Symmetry depends on how we define our variables.

/) Smarter. Stronger. Steel. 9

Polling Questions

./ Smarter. Stronger. Steel. %
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Slope Deflection

* Resulting 6 simultaneous equations

+12K78,

See how the 5% row and 5% column illustrate symmetry
if we multiply the last 2 equations by -1.

/) Smarter. Stronger. Steel.

oS o O

=520
130

97

Slope Deflection

* Solution to simultaneous equations

K0, =4.30
K0, =15.19
K'9,=11.81
K0, =2.03
K'p, =13.18
K'p,=4.79

/7 Smarter. Stronger. Steel.

98

American Institute of Steel Construction

49



AISC Night School
July 22, 2019

Classical Methods of Structural Analysis
Session 6: Indeterminate Structures by Slope Deflection

* Final Moments

M, =4

MDC

=8
4
=8

/) Smarter. Stronger. Steel.

Slope Deflection

M, =2K'0, —6K'p, =2(4.30)-6(13.18) = -70.5

M,, =4K'0,-6K'p, =4(4.30)-6(13.18)=—61.9

My =4(13K")0,+2(1.3K')0, =5.2(4.30)+2.6(15.19) = 61.9

M, =4(13K")0,+2(1.3K')0, =5.2(15.19)+2.6(4.30) = 90.2

K')0. +2(2K")8, —6(2K")(2p, ~p.)

12(2(13.18)-4.79) = -90.1
6( )(zpl_pz)

-12(2(13.18)-4.79) =-103.6

2K")6, +2 (2K’

(
(2
(15.19)+4(11.81)—
(2K
(11.81)+4(15.19

99

* Final Moments

4
2
4
=4
4
2

Slope Deflection

(2K")8, —6(2K")p, =8(11.81) -

(2K")8, —6(2K")p, =4(11.81)~12(4.79) =—-10.24
(1.3K°)6, +2(1.3K")8, =5.2(11.81)+2.6(2.03) = 66.7
(1.3K")0, +2(1.3K")0,, =5.2(2.03)+2.6(11.81) = 41.2
(2K")8, —6(2K")p, =8(2.03)

(2K")8, —6(2K")p, =4(2.03)

/7 Smarter. Stronger. Steel.

12(4.79)=37.0

)
~12(4.79) =412
~12(4.79) =—49.4

100
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Slope Deflection

* Final Moment diagram (ft-k)

61.9

10.24
20ft 49.4

101

Slope Deflection

» Deflected shape

Bl / cl !
ll // 13 ft
E

/ ’ I 13 ft
A G F
Ve Ve -

| 20 ft | 20 ft |

1 |

102
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Modern Methods

* The 6 simultaneous equations from this example
can be viewed in matrix form.

92 26
26 132
0 4
0 0
6 24
0 -12

* This solution includes only flexural deformations.

* |f axial deformations and shearing deformations
were included we would be approaching the
stiffness method more closely.

) /) Smarter. Stronger. Steel.

0 0 -6 0](K®, 0
4 0 24 12 ||K6, 0
212 26 24 0 [|K®,| | 0
26 132 0 -12||K6,.[ | o
24 0 -108 48 || K'p, -520
0 12 48 -72]|Kp, 130

103

— Obtained equations for the absolute stiffness, carry-
over factor and fixed-end moments for flexural

members.

— Developed the method of slope deflection and applied
it to continuous beams and sway permitted frames.

— Considered the special case of known support

settlements.

— Determined the effect of temperature change on an
indeterminate beam.

— Compared the slope deflection method to the modern
stiffness method.

Y./ Smarter. Stronger. Steel.

Summary

104
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Lesson 7

* Approximate Methods and Moment
Distribution

— Introduce the Portal Method and the Cantilever
Method for multi-story frames.

— Develop the Moment Distribution Method for
continuous beams.

— Introduce an approach to check the process of
moment distribution.

— Apply Moment Distribution to frames with side
sway permitted.

EY./ Smarter. Stronger. Steel. 105

Thank You

American Institute of Steel Construction
130 East Randolph, Suite 2000
Chicago, IL 60601
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Individual Webinar Registrants
CEU/PDH Certificates

Within 2 business days...

* You will receive an email on how to report attendance from:
registration@aisc.org.

¢ Be on the lookout: Check your spam filter! Check your junk
folder!

¢ Completely fill out online form. Don’t forget to check the boxes
next to each attendee’s name!

/) Smarter. Stronger. Steel.

Individual Webinar Registrants
CEU/PDH Certificates

Within 2 business days...

* New reporting site (URL will be provided in the forthcoming
email).

¢ Username: Same as AISC website username.

¢ Password: Same as AISC website password.

/7 Smarter. Stronger. Steel.
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8-Session Registrants
CEU/PDH Certificates

One certificate will be issued at the conclusion of
all 8 sessions.

Smarter. Stronger. Steel.

8-Session Registrants

Access to the quiz: Information for accessing the quiz will be emailed to you by
Wednesday. It will contain a link to access the quiz. EMAIL COMES FROM
NIGHTSCHOOL@AISC.ORG

Quiz and Attendance records: Posted Tuesday mornings.
www.aisc.org/nightschool - click on Current Course Details.

Reasons for quiz:

*EEU — must take all quizzes and final to receive EEU

*CEUs/PDHS — If you watch a recorded session you must take quiz for CEUs/PDHs.
*REINFORCEMENT — Reinforce what you learned tonight. Get more out of the
course.

NOTE: If you attend the live presentation, you do not have to take the quizzes to
receive CEUs/PDHs.

Smarter. Stronger. Steel.
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8-Session Registrants

Access to the recording: Information for accessing the recording will
be emailed to you by this Wednesday. The recording will be available for

three weeks. For 8-session registrants only. EMAIL COMES FROM
NIGHTSCHOOL®@AISC.ORG.

CEUs/PDHS — If you watch a recorded session you must take AND
PASS the quiz for CEUs/PDHs.

/) Smarter. Stronger. Steel.

Night School Resources for 8-session
package Registrants

Find all your handouts, quizzes and quiz scores,

recording access, and attendance information all in
one place!

/7 Smarter. Stronger. Steel.
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Night School Resources for 8-session

package Registrants

Go to www.aisc.org and sign in.

L EDUCATION  PUBLICATIONS NASCC: THE STEEL SAFETY STEEL SOLUTIONS AWARDS AND

Login

DON'T HAVE AN ACCOUNT?

USERNAME

PASSWORD

Night School Resources for 8-session

package Registrants

Go to www.aisc.org and sign in.

IN THIS SECTION M)/A'SC

MY PROFILE

Update your contact and address information

EDIT PROFILE

MY PURCHASED DOWNLOADS

Access articles and documents that you have purchased

or
course History
VIEW DOWNLOADS

MY COURSE RESOURCES

View online resources for Night School a§d Live Webinar package registrations.

VIEW RESOURCES

American Institute of Steel Construction
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Please fill out our brief survey at the conclusion of
the webinar. We greatly appreciate your feedback.

gg‘“ 22 | Smarter.
z: St er.
AISC | Thank you @E ESt;:T.g

Loy

ﬁv%i’i : Smarter.
Z) : St A
AISC | Thank you S@E EStreZT.ger
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